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Abstract Let X he a. smooth projective curve. We consider the dual reductive pah H = 
G02mi G = GSp2„ over X, where H sphts on an etale two-sheeted covering n : X ^ X. Let 
Bung! (resp., Bun/f ) be the stack of G-torsors (resp., i7-torsors) on X . We study the functors 
Fq and Fh between the derived categories D(BunG) and D(Bmiff ), which are analogs of the 
classical theta-hfting operators in the framework of the geometric Langlands program. 

Assume n = m = 1 and H nonspht, that is, H — 7r*Gm with X connected. We estabhsh 
the geometric Langlands functoriality for this pair. Namely, we show that Fg : D(Bun/f ) — > 
D(BunG) commutes with Hecke operators with respect to the corresponding map of Lang- 
lands L-groups ^i? ^G. 

As an application, we calculate Waldspurger periods of cuspidal automorphic sheaves on 
BunGL2 and Bessel periods of theta-lifts from BunG04 to Buncsp^. Based on these calcu- 
lations, we give three conjectural constructions of certain automorphic sheaves on Bun^gp^ 
(one of thcm makes sense for I?-modules only). 

1. Introduction and main RESULTS 

1.0 This paper, which is a sequel to [10], is a part of two (related) research projects: i) geometric 
version of the Howe correspondence (an analogue of the theta-lifting in the framework of the 
geometric Langlands program); ii) geometric Langlands program for GSp4. 

We consider only the (unramified) dual reductive pair {H = G02m,,G = GSp2„) over a 
smooth projective connected curve X. Let Bunc (resp., Bun/f) denote the stack of G-torsors 
(resp., ff-torsors) on X. Using the theta-sheaf introduced in [lOj, we define functors Fg : 
D(Bun//) —f D(BunG') and Fh ■ D(BunGr) — > D(Bun//) between the corresponding derived 
categories, which are geometric analogs of the theta-lifting operators. Based on classical Howe 
correspondence (cf., for example, [1] , [9] , [15] , [18] ) and our results from [13], we conjecture a 
precise relation between the theta-lifting functors and Hecke functors on Bun^ and Bun// (cf. 
Conjecture d]). For n = m (resp., for m = n -|- 1) the functor Fg (resp., Fh) is expected to 
realize the geometric Langlands functoriality for a morphism of Langlands L-groups — > 
(resp., G^ H^). 

We prove this conjecture for the dual pair (G02,GL2), where GO2 = vr^^Gm is a group 
scheme over X, here tt : X ^ X \s a. nontrivial etale two-sheeted covering. If ^ is a rank one 
local system on X then this provides a new proof of the geometric Langlands conjecture for tt^E 
independent of the existing proof due to Frenkel, Gaitsgory and Vilonen ([6], [8]). 

Let us describe our remaining main results in a form less technical then their actual formu- 
lation. Assume that the ground field k = ¥q\s finite of q elements (with q odd). Set G = GL2. 



Let -E be a rank 2 irreducible £-adic local system on X. Write Aut^; for the corresponding 
automorphic sheaf on Bunc (cf. Definition [8]) . Let /e ■ BunG'(A;) Q£ denote the function 
'trace of Frobenius' of Aut^;. 

Let (p : Y ^ X he a nontrivial etale two-sheeted covering. Write Pic Y for the Picard stack 
of Y. Let J' he a rank one local system on Y equipped with an isomorphism N{J)'^ detE, 
where N [J) is the norm of J (cf. A.l). Write fj : (Picy)(fc) Q^ for the corresponding 
character (the trace of Frobenius of the automorphic local system A J corresponding to J) . The 
Waldspurger period of /e is 

/ fE{<P.B)fj\B)dB 
JBe(Picy)(fe)/(PicX)(fc) 

(the function that we integrate does not change when B is tensored by (j)* L, L € PicX), here 
dB is a Haar measure. A beautiful theorem of Waldspurger says that the sguare of this period 
is equal (up to an explicit harmless coefficient) to the value of the L-function L{(f)*E (g) J~^ , ^) 

(cf. m)- 

We prove a geometric version of this result. The role of the L-function in geometric setting 
is played by the complex 

ed>oRr(y(''\(0*i?0 (i) 

Here Y^'^'^ is the d-th symmetric power of Y , and V^'^'^ denotes the d-th symmetric power of a 
local system V on X. The geometric Waldspurger period is 

RTc{VicY/VicX,^\kviiE®AJ~^), (2) 

where : Pic y — > Bunc sends B to (jj-tB. The sense of the quotient Pic y/ Pic X is precised in 
6.3.3, this stack has two connected components (the degree of B modulo two), so ([2]) is naturally 
Z/2Z-graded. Our Theorem [5] says that there is a Z/2Z-graded isomorphism between ([T]) and 
the tensor square of ([2]), the Z/2Z-grading of ([T]) is given by the parity of d. If (p* E is still 
irreducible then ([T]) is the exteriour algebra of the vector space Hi(y, J*® (j}* E), which is placed 
in cohomological degree zero. 

In the classical theory of automorphic forms there has been a philosophy that for multiplicity 
one models of representations the corresponding periods of Hecke eigenforms can be expressed 
in terms of the L-functions (of the corresponding eigenvalue local system). In addition to 
the Waldspurger periods, we also consider Bessel periods for GSp4 (Sect. 6) and generalized 
Waldspurger periods for GL4 (Sect. 7), which all illustrate this phenomenon. 

Consider now the dual pair (G, H)^ where G = GSp4 and H is as follows. Let GO^ be given 
by the exact sequence 1 — > Gm GL2 x GL2 — > GO4 — > 1, where the first map sends x G Gm 
to {x,x~^). Let vr : X — > X be an etale degree two covering, set S = Autx{X). The group S 
act on this exact sequence permuting the two copies of GL2. Let H be the group scheme on X, 
the twisting of GO4 by the S-torsor it : X X. The above exact sequence yields a morphism 
of stacks p : Buug Bun^, here Bun2 denotes the stack of rank two vector bundles on X. 
Write Buuj. for the stack of rank r vector bundles on X. 
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Let E be an irreducible rank two local system on X, Aut^ be the corresponding automorphic 
sheaf on Bung (cf . Definition [8|) . Assume given a rank one local system x X equipped 
with an isomorphism det-E^7r*x- Then Autg descends naturally to a perverse sheaf K^^jj 
on Bun^:^. Now assume X connected. For the theta-lifting functor Fg ■ D(Bun^) — > D(BunG') 
our Theorem [U] calculates the Bessel periods of K := Fq{K^ ^ ^j). 

At the level of functions the Bessel periods are defined, for example, in [5]. In geometric 
setting, let P C G be the Siegel parabolic, up : Bunp — > Bun^ be the natural map. The stack 
Bunp of P-torsors on X classifies collections: L G Bun2, A € Buni and an exact sequence 
O —^ Sym^ L — >? A —^ O on X. Let Sp be the stack classifying L G Bun2, A € Buni together 
with a map Sym^ L ^ A^ ^. Here is the canonical line bundle on X. So, Sp and Bunp are 
dual (generalized) vector bundles over Bun2 x Buni, and one has the Fourier transform functor 
Four^ : D(Bunp) D(Bun5p) between the corresponding derived categories of £-adic sheaves. 

Let : y — > X be a nontrivial etale two-sheeted covering. Let e : Picy Sp be the 
map sending B € Pic Y to the pair L = (p^B, A® O. = N {B) with natural symmetric form 
Sym^ L ^ A®^ (cf. Section 6.1.1). Let ^ be a rank one local system on Y equipped with 
N{J)'^X- The complex 

AJ ®e*¥onv^{y*pK) 

descends naturally with respect to the map Pic y — > Pic y/ Pic X. The Bessel period of K is 
the (Z/2Z-graded) complex 

Rrc(Picy/PicX, AJ e* ¥onT^{v*pK)) (3) 

Our Theorem [6]says that (up to a shift) there is a Z/2Z-graded isomorphism between 

®RT{Y^^\{J®(p*{T,,E*))^^^)[d\ (4) 

and the tensor square of ([3]). The Z/2Z-grading on ^ is given by the parity of d. 

From Conjecture [T] it would follow that K is an automorphic sheaf on Bung- corresponding 
to the local system Eq given by the pair (vr^E'*, x~^) with symplectic form /\^{-k^,E*) (cf- 
also Conjecture [2]). Here G stands for the Langlands dual group. As predicted by the general 
philosophy on multiplicity one models, the complex ([Ij) makes sense for all G-local systems on 
X, this allows us to formulate a conjectural answer for the Bessel periods of all automorphic 
sheaves on Bung (cf. ConjectureslHandE]). 

The geometry suggests that one should be able to recover an automorphic sheaf on Bun^ 
from the knowledge of all its Bessel periods (including those for ramified two-sheeted coverings 
(/) : y — > X). To formulate the corresponding conjecture we switch from £-adic sheaves to T>- 
modules (for Section 8 only), as it requires the Fourier-Laumon transform, which is not known 
in £-adic setting. 

We also propose one more conjectural construction of automorphic sheaves on Bung as 
theta-lifting from GOg (cf. Conjecture [6|). 

1.1 General notation Let k denote an algebraically closed field of characteristic p > 2, all 
the schemes (or stacks) we consider are defined over k. Fix a prime £ ^ p. For a scheme (or 
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stack) S write T){S) for the derived category of £-adic etale sheaves on S, and P(5) C D(S') for 
the category of perverse sheaves. 

Fix a nontrivial character ■0 : Fp ^ Q| and denote by the corresponding Artin-Shreier 
sheaf on A^. Since we are working over an algebraicahy closed field, we systematically ignore 
Tate twists. 

If y — > 5" and V* ^ S are dual rank n vector bundles over a stack S, we normahze the 
Fourier trasform Four^ : T){V) D{V*) by Four^(K) = {pv*)\{S,* ^tp PvK)[n], where PviPv* 
are the projections, and ^ : ^ X5 y* — > is the pairing. 

Let X be a smooth projective connected curve. Write for the canonical hne bundle on 
X. For a smooth scheme of finite type S and a locally free O^-module C write C* = C* ® 
where Vts is the canonical hne bundle on S. For a morphism of stacks / : y — > Z we denote by 
dim. rel(/) the function of a connected component C of y given by dimC — dimC, where C" is 
the connected component of Z containing f (C). 

Write Bunfc for the stack of rank k vector bundles on X. For k = 1 we also write PicX 
for the Picard stack Buni of X. We have a line bundle Ak on Bun^ with fibre detIiT{X,V) 
at V £ Buufc. View it as a Z/2Z-graded placed in degree x(^) mod 2. Our conventions about 
Z/2Z-grading are those of ([I^, 3.1). 

1.2 Other results and ideas of proofs 

1.2.1 Theta-sheaf Let denote the sheaf of automorphisms of O'^ © preserving the 
natural symplectic form A^(0^ © —>■ O. The stack Bun^j. of G^-bundles on X classifies 
M G Bun2fc equipped with a symplectic form A^M 17. We have a /U2-gerbe Bunc^. —^ Bun^j., 
where Bun^j. is the stack of metaplectic bundles on X. In [lOj we have introduced the theta- 
sheaf Aut = Autg©Aut<j on Bun^j. (cf. Section 2.1 for precise definitions). We refer to Aut^ 
(resp., to Auts) as the generic (resp., special) part of Aut. We write x Aut = Aut when we need 
to express the dependence on X. 

Let Pk C G k be the Siegel parabolic preserving the Lagrangian subsheaf C © O'^. 
Write ffc : Bunp^. — > Bunc^. for the projection, where Bunp^. is the stack of P^-bundles on X. 
We extend to a map : Bunp^ Bunc^, (cf. Section 2.1). 

The stack Bunp^ classifies L G Bun^ together with an exact sequence O ^ Sym^ L ^? ^ 
^ O of O^-inodules. Let Bunp^. C Bunp^. be the open substack given by lf{X, Sym^ L) = 0. 

In {[iQl, Definition 3) we have introduced the complex Sp^^ on Bunp^. by some explicit 
construction (cf. 2.1 for details). It was shown in {loc.cit., Proposition 7) that there is an 
isomorphism over ^ Bunp^. 

■ Sp_^^z>fc Aut[dim.rel(z^fc)] 

We show that extends naturally to an isomorphism over Bunp^ (cf. Proposition [T]). 

Let vr : X — > X be an etale degree 2 covering, S = Autx(A') = {Ijc} the automorphisms 
group of X over X. Let £ be the S-anti-invariants in tt^O, so £ is equipped with a trivialization 
K : £^^0. Let £q be the S-anti-invariants in it^Q£, it is equipped with £"0 ^Q£. Let g denote 
the genus of X. 
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Write Buiig, for the stack classifying rank 2n vector bundles W on X with symplectic 
form /\'^W — > ^Ij^. Let 7r„ : Bun^-,^ ^ — > Bun^jn be the map sending the above point to ir^W 
equipped with natural symplectic form a'^{tt^W) ^l. Let Bun^^ denote the corresponding 

stack of metaplectic bundles. The map 7r„ extends to a map 7f„ : Bun^^ — > Bung-jn (cf. 3.5). 
We establish a canonical isomorphism 

Aut^vr* Aut[dim. rel(7f„)] 

preserving the generic and special parts (cf. Proposition[3]). 
1.2.2 Theta-lifting functors 

Let n, m G N and G = GSp2„. Let BI = G02m denote the connected component of unity of 
the split orthogonal similitude group G02m over Spec/c. Pick a maximal torus and a Borel 
subgroup Te C Be C M. We pick an involution a G 02m(^) preserving Te and Bh such that 
a ^ S02m- So, for m > 2 (and m ^ 4) it induces the unique nontrivial automorphism of the 
Dynkin diagram of H. Consider the corresponding S-action on G02m by conjugation. Let H 
be the group scheme on X, the twisting of GQ%^ by the S-torsor tt : X ^ X. 

The stack Bung of G-torsors on X classifies M G Bun2n,-4. G Buni with symplectic form 
f\^M ^ A. The stack Bun^ of /f-torsors on X classifies V G Bun2m,, C G Buni, a nondegenerate 
symmetric form Sym^ y — > C, and a compatible trivialization 7 : C~'"^ (E' detV^ £. This means 
that the composition 

C-^™ ® (det 2^ f 2 — 

is the isomorphism induced by V^V* f^C. 

Let RCov" denote the stack classifying a line bundle U on X together with a trivialization 
jj®2~Q^ Its connected components are indexed by Hgj(X, Z/2Z). 

Let Bunji/ be the stack classifying V G Bun2m)C G Buni and a symmetric form Sym^ V ^ C 
such that the corresponding trivialization (C"™' (8> det V)'^^0 lies in the component of RCov*^ 
given by (£",«). Note that 

Bun^ ^ Spec/c -^yiCov" Bun//, 

where the map Spec/c RGov*^ is given by {£,k). The projection pn : Bun^ Buhh is a 
//2-torsor. 

Write Bun^ C Bun// for the open substack given by deg C = d, and similarly for Bun^ . Set 

BuuG,// = BunH xpicx Bun^, 

where the map BunH PicX sends {V,C, Sym^ V ^ C) to n (g) C'K The map Bunc Pic X 
sends (M, A^M A) to A. We have an isomorphism C 'Si A^O, for a point of BnncH- Let 

r : BunG,/f ^ Bunca^^ 

be the map sending a point as above to y (8) M with symplectic form A2(y (g) M) ^ 17. We 
extends r to a map f : Butig^h — ^ Bung^nm (^f- 3. 2). Let Bun^ be the stack obtained from 
BunG,H by the base change Bun^ — Buuh- 
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Viewing f* Aut as a kernel of integral operators, we define functors Fg '■ D(Bun/f ) — 
D(BunG) and Fh : D(BunG) ^ D(BunH), set also Fj^ = p*^ o Fh (cf. 3.2). 

1.2.3 The pair G02,GL2 

Assume n = m = 1 and X connected. In this case we prove Conjecture[T]for the functor Fg- To 
do so, we first prove Theorem[T]saying how the action of Hecke operators on f* Aut with respect 
to G is expressed in terms of the similar action with respect to H. This is a global geometric 
analog of a particular case of the theorem of Rallis ([H], cf. also [13j). 

We also show that both f* Autg[dim. rel(f)] and f* Auts[dim. rel(f)] are (self-dual) irre- 
ducible perverse sheaves on each connected component of Bun^^ ^ (cf. Proposition [5]) , and the 
functor Fg '■ D(Bunj^) — > D(BunG) commutes with the Verdier duality. 

If E' is a rank one local system on X, let denote the automorphic sheaf on Bun^^- ^ Pic X 
corresponding to E. Then Fg{K^) is an automorphic sheaf on Bunc corresponding to the local 
system E = (tt^E)*. We check that (up to a tensoring by a 1-dimensional vector space) the sheaf 
Fg{K^) coincides with the perverse sheaf Aut^; constructed via Whittaker models in loc.cit. (cf. 
Proposition E]). 

Theorem [1] also allows us to calculate the following Rankin-Selberg type convolution (we 
need it for our proof of Theorem [5]). Let E be an irreducible rank 2 local system on X, Ei be 
a rank one local system on X. We denote by Aut^;^^^^ the corresponding geometric Eisenstein 
series (cf. 4.3). Our Theorem [2] provides an explicit calculation of F^(Aut^^gq)^ (g) Aut^;). The 
method of its proof is inspired by ([12]). We don't know if this Rankin-Selberg convolution was 
known before in classical theory of automorphic forms. 

1.2.4 Waldspurger periods 

Let us explain how we calculate the Waldspurger periods (Theorem [5]) . Mainly, we follow the 
approach of Waldspurger ([H]), but there are some new phenomena in geometric settings. 

Let n = 2, so G = GL2. Let E be an irreducible rank two local system on X, Aut^; be the 
corresponding automorphic sheaf on Bung. Take both tt : X ^ X and H = GO4 split. Remind 
the perverse sheaf dets i? "-"^ Bun^^^ from Section 1.0. First, we identify -f^j^'S det_B H '^ith 
the theta-lift (Aut e* ) from Bung (cf . Proposition [8]) . This is a geometric version of a 
Theorem of Shimizu ([19j). 

Then we consider the diagram 

Pic Y ^ Pic y X Pic Y "^^^^ Buns x Buna 
\ Ph^ i i 

BuuR^ Bun^, 

where m is the tensor product map (followed by the automorphism sending B € Pic y to 
B* ® i^y), and the vertical arrows are, roughly speaking, the quotients by the action of PicX, 
where C € V\cX sends (Li,L2) G Bun2 x Bun2 to Li ® /3, L2 C*. Remind that (pi sends 
e G Pic y to G Buns. 
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The key step is Theorem H] that calculates the complex {pR^)\c\*j^^F^{AutE*) explicitely in 

terms of E and <j) : Y ^ X {'m our actual formulation of Theorem U] the covering tt : X ^ X 
may be nonspht). We derive Theorem [5] from the properties of the theta-hfting between GO2 
and GL2 (Proposition [6]) combined with our Rankin-Selberg convolution result (Theorem [2]). 

Let us indicate at this point that the existence of the geometric Waldspurger periods of 
automorphic sheaves (the fact that condition {C]y) in Definition IlUI holdsl is a consequence of 
an intriguing acychcity result (Theorem [3l Section 6.1.2). It says that the Hecke property of a 
given automorphic sheaf S on Bun2 aheady imphes that S is universally locahy acychc (ULA) 
over 'the moduh of spectral curves'. This allows to control perversity of the complexes /C^; in 
Theorem \5\ (and similarly for Bessel periods in Theorem E]) . 

We also formulate conjectural answers for the geometric Waldspurger periods (Conjecture[3]) 
and the geometric Bessel periods (Conjecture [4]) of all automorphic sheaves. Besides, we verify 
Conjecture [3] for geometric Eisenstein series on Bun2 (cf. Proposition llOp . 

1.2.5 Case h = GOq 

Assume m = 3 and X split, so H = GOg. Let n = 2, so G = GSP4. Let Eq be a G-local system 
on X viewed as a pair (E, x), where E (resp., x) is a rank 4 (resp., rank one) local system on X 
with symplectic form a'^E —> x- Assume E irreducible. Remind that G is a subgroup of GSpiug, 
which is the Langlands dual to H. We define the perverse sheaf ^ ^ on Bun^ corresponding 
to a GSpiug-local system {E,x)- We conjecture that 

Fg{Kj,,^^,j,) (5) 

is an automorphic sheaf on Bung- corresponding to Eq (cf. Conjecture [6]). We show that the 
geometric Bessel periods of ([5]) are essentially the generalized Waldspurger periods of K^, ^* ^ 
(cf. Proposition II ip . 



2. Theta-sheaf 

2.1 Let Gk denote the sheaf of automorphisms of ©fi^ preserving the natural symplectic form 
a'^{Ox © ^- The stack Bunc^. of G^-bundles on X classifies M G Bun2fc equipped with a 

symplectic form A^M —f $7. Write Ag^. for the line bundle on Bun^^ with fibre det Rr(X, M) at 
M. We view it as a Z/2Z-graded line bundle (purely of degree zero). Denote by Bun^j. — > Bun^j. 
the /i2-gerbe of square roots of Ag^. ■ 

Remind the definition of the theta-sheaf Aut on Bun^;. from [10] . Let j Bun^^ C Bun^^ be 
the locally closed substack given by dimH°(X,M) = i for M G Bun^^. Let iBunc^ denote the 
preimage of j Bun^j, in Bun^r^. . 

Write iB for the line bundle on j Bung^, whose fibre at M G j Bunc^, is detH'^(X, M). View 
iB as Z/2Z-graded placed in degree dimH*^(X, M) modulo 2. For each z > O we have a canonical 
Z/2Z-graded isomorphism 
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It yields a two-sheeted covering ip : i Bunc^. i Buiigj. locally trivial in etale topology. Define 
a local system j Aut on j Bunc^, by 

i Aut = Homs2(sign, ip\Qe) 

The perverse sheaf Aut^ € P(BunG'j,) (resp., Aut^ € P(BunG^)) is defined as the intermediate 

extension of o Aut[dimBunG] (resp., of i Aut [dim Bung —1]) under j Bung ^ Bunc^.. The 
theta-sheaf Aut is defined by 

Aut = Autg e Auts 

Let Pk C G k be the Siegel parabohc preserving the Lagrangian subsheaf C © il^. 
Write Qk for the Levi quotient of Pk, so Qk-^ GL^ canonically. 

Write Vk : Bunp^, Bunc^, for the projection. As in (loc.cit., 5.1), we extend it to a map 
Dk ■ Bunpj. — > Bung J. defined as fohows. The stack Bunp^. classifies L S Bun^ together with 
an exact sequence O Sym^ L —>-7 ^ ^ O of O^-modules. The induced exact sequence 
O— >L— >M^L*(8)il— >0 yields an isomorphism of Z/2Z-graded hnes 

det Rr(A:, M) ^ det Rr(A:, L) (g) det Rr(A:, L*(^n)^ det Rr(X, L)®2 

The map sends the above point to (B, M), where B = detRr(X, L) is equipped with the 
above isomorphism B^^ detRr(X, M). 

Remind the definition of the complex Sp^^ on Bunp^. (loc.cit., Definition 3). Denote by 
V Buufc the stack whose fibre over L G Bun^ is Hom(L, fl). Write V2 — > Bun^ for the stack 
whose fibre over L G Bun^ is Hom(Sym^ L, 0^). We have a projection 7r2 : V ^ V2 sending 
s e Hom(L, O) to s (g) s G Hom(Sym^ L, 0^). We set 

Sp,^^ Four^(7r2!Q<?)[dim. rel], 

where Four^ : D(V2) — > D(Bunp) denotes the Fourier transform functor, and dim. rel is the 
function of a connected component of Bun^ given by dim. rel(L) = dimBun^ — x(L), L £ Bun^. 

The group 5*2 acts on V sending (L, s : L O) io {L,— s). This gives rise to a 52-action 
on Sp^^. By (loc.cit., Remark 3), the 52-invariants of Sp^^ are Sp^^^g (resp., Sp^^^s) over the 
connected component of Bunp,, with x{L) even (resp., odd). 

Let °Bunpj. C Bunp^, be the open substack given by H''(X, Sym^L) = 0. By [loc.cit., 
Proposition 7) there is an isomorphisrr0 

t^fc : Sp^^^vlknt[dmi.xe\{uk)] (6) 

over ^ Bunpj, , here dim. rel(i^fc) = dim Bunp^, — dim Bun^^. is a function of a connected component 
of Bunpj.. From [loc.cit., Sect. 2) it may be deduced that, in the case of a finite base field, the 
function 'trace of Frobenius' of Sp^^ descends with respect to Vk '■ Bunp^. — > Bun^^. over the 
whole of Bun p^. . We claim that it is also true in the geometric setting. 

^the isomorphism Xk is not canonical: once € k is chosen, is well-defined up to a sign. 
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Proposition 1. The isomorphism tk eztends naturally to an isomorphism over^\mp^. 

Proof 

Step 1. For an effective divisor D on X denote by D pBunQ^ the stack classifying M € Bungj, 
together with a P/j-structure on M \£). A point of zj^pBuiiG^ is given by M G Bunc^, together 
with a lagrangian Cij-submodule Ld C M Id. Denote by po '■ Bunp^, — > c^pEunc^ the map 
sending (L C M) G Bunp^. to {M, L d) with Ld = L \d- Let z^d : d,p Bunc^, Buno^ be the 
projection. 

Pick a point a; G X and a nonnegative integer i. Set D = ix. Let gd '■ Bunp^ Bunp^ 
be the map sending an exact sequence O Sym^L — >? — > $7 — > O to its push-forward with 
respect to the map Sym^L ^ Sym2(L(L>)). Sincc Hom(f^, Sym2(L(D))/ Sym^ L) acts freely 
and transitively on a fibre of the map a/j is an afiine fibration of rank k(k + 

We are going to establish a canonical isomorphism 

To do so, write '■ — > V2' for the map obtained from 7r2 : V V2 by the basc change 
Bunfc Buiik sending L to L{D). So, a fibre of V^^ —>■ Bun^ is Hom(Sym^(L(D)), J^^), and we 
have a natural map 

'ao : ^ V2, 

the transpose of a/j. Since (*a/j)*7r2!Q^^ (Trl^)!^^ canonically, our assertion follows from the 
Standard properties of the Fourier transform functor. 

Step 2. Denote by tHg^, the Hecke stack classifying M, M' G Bun^^. together with an iso- 
morphism of Gfc-torsors M^M' \x-x- Let C Qk = GL^ denote the maximal torus of 
diagonal matrices, its coweight lattice identifies with Z'^. The preimage of the Standard Borel 
subgroup of Qk in is a Borel subgroup of Gk, this also fixes the set of simple roots of Gk- 
Set ojfc = (1, . . . , 1), where 1 appears k times. This is a dominant coweight of Gk orthogonal to 
all the roots of Qk- 

Denote by D,p'HGk t^e stack classifying (M, M', M'^M \x-x) G aj^G^ such that M' is 
in the position iuk with respect io M at x, Ld C M \d with {M,Ld) € D,pBmLG^. satisfying 
Ld n [M' /M {-D)) = 0. The latter intersection is taken inside M{D)/M{-D), it makes sense 
because Ld C M /M {-D) and 

M{-D) C M' C M{D) 

Denote by a-^^D '■ d,p'Hg^. D,pBunG^. the map sending the above point to {M,Ld)- We 
have a diagram, where the square is cartesian 

Bunp, ^^"^ D,pnGk Buncfc 

(7) 

Bunp^ ^ D,pBmiGt^ ^ Bunc^ 

Here ph,d is the map sending [L' C M') to (M',M,Ld), where (L C M) is the image of 
(L' C M') under gd, and Ld = L \d- The map i'n,D '■ D,p'HGy. Bun^^ sends the above point 
to M'. 
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Consider the diagram 



obtained from D,pT~l-Gk d.pBuiigj. -5 BunGj, by the base change Bun^j. — > BuiiCj.. Now 
z^T^^D lifts to a map 

defined as follows. A point of D,p'tiGk given by {B, M, M' , Ld C M {jj), where S is a 1- 
dimensional (Z/2Z-graded purely of degree zero) vector space equipped with a Z/2Z-graded 
isomorphism B'^^ detRT{X, M). The map v't-cd sends this point to (B', M'), where B' = 
B (E> detfc(L£))~^ is equipped with an isomorphism 

(i3')^^ detRr(X,M') (8) 

that we are going to define. 

For a vector bundle Af on X write Md = M / M{—D). We have an exact sequence of Od- 
modules 

O ^ (M n M') /M {-D) M' /M {-D) ^ (M + M') /M O 

Note also that (M + M') /M is the orthogonal complement of (M n M') /M {-D) with respect 
to the perfect pairing of OD-modules Mr, (g) M{D)d — > r2(L')£) given by the symplectic form. 
By our assumptions, (M n M') /M {—D) C M^) is a lagrangian O/j-submodule such that 

((M n M')/M{-D)) ®Ld^Md^ (((M + M') /M) ® 0{-D)) ® Ld 

The exact sequences of O^-modules O ^ M{-D) ^ M ^ Mo ^ O and O ^ M{-D) M' ^ 
M' /M{—D) O yield Z/2Z-graded isomorphisms 

, detRr(X,M) detfc(Mp)z,) ^ detRr(X,M) 
aetn ^ , detfc(LB) detfc(Lz^ 0(Z))) ^ det^iLo)^^ 

giving rise to ([8]). 

To summarize, the diagram ([7]) is refined to the fohowing commutative diagram 

Bunpj^ 1^ Bunpj^ 

,/ i^fe i i PH, D \ i^fc (9) 

Buncj, ^ D^pBunc^^ ""^^ D,P^Gk Bunc^, 

where the middle square is cartesian. Here pD is the product map {po x Uk), and pt^.d is the 
product map (jj-h^d x i^k)- 

Step 3. Set '''^Bunp = a^jC^Bunp), this is an open substack of Bunp. For i < j we have 
°'*Bunp C '^'•^ Bunp and the union of all "'^Bunp equals Bunp. We are going to extend to 
each Bunp in a compatible way. 
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Now ([6]) and the diagram ([9]) yield an isomorphism over '''^ Bunp^. 

Sp^^[-k'^i]^ {aD)\Sp^^^p}y{an,D)\{i>H,Dy -^utldim. rel], (10) 

where dim. rel = dimBunp^. + dim. rel(a£)) — dimBunc^. and dim. rel(a£)) = k{k + 

Restricting to the open substack ^ Bunp C Bunp and applying ([6]) once again, we get 
an isomorphism of (shifted) perverse sheaves over ''Bunp 

p}jD}) Aut ^ ph{aH,DWH,Dy Aut[k{k + l)i + k^i] (11) 

Step 4. Denote by \, Bunp C ° Bunp the open substack given by H°(X, (Sym^ L){D)) = 0. Let 
us show that the map po '■ % Bunp^. —f d^p Bunc^. is smooth. 

Set p = LiePfc and g = LieG^. Let Tp^ be a fe-point of Bunp^. given by {L C M). Let K 
denote the kernel of the composition 

fl^P^ id^pj \d^ Homo^ (Ld,Md/Ld) 

Remind the following notion. For a 1-morphism Spec/c X to a stack X the tangent 
groupoid to x is the category, whose objects are pairs (xi,ai), where xi is a 1-morphism 
SpecA:[e]/e^ —f X and a is a 2-morphism x xi. Here xi is the composition Spec/c ^ 
SpecA:[e]/e^ ^ X. K morphism from (xi,ai) to (x2,a2) is a 2-morphism /? : xi ^ X2 such that 
the diagram commutes 

- 

Xl X2 

] ai y 02 
X 

The tangent groupoid to d^pBuugj. at the /c-point poi^Pf,) is isomorphic to the stack quo- 
tient of {X, K) by the trivial action of H'^ (X, K) . The natural map pjTp^ ^^Pk ^^"^^0^^ 
through K C STp^- We need to show that H-"^ (X, pjr^^ ) ^ R^{X,K) is surjective. We have 
an exact sequence O K/{pjrpJ (0/p)j^p^ ^ (il (g) Sym^L*)pi 0. So, A7(p^pJ^(r2 
Sym^ L*)(— D), the desired surjectivity follows. 

It is easy to deduce that pD '■ ^ Bunp^. p,,p Bunc^. is smooth. One checks that it is also 
surjective and has connected fibres. So, (jlll) descends to an isomorphism of (shifted) perverse 
sheaves on £,^p Bun^^. 

v*pikvii ^ {an,D)iii>n,D)* Aut[A;(A; + l)i + k'^i] 
Now from (|10p we get an isomorphism over ^'^ Bun p^ 

'Sp.v^PD^'i) Aut[dim. rel(z^fc)] □ 

For the rest of the paper we fix the isomorphism ([6]) over Bunp^., some of our results will 
depend on this choice. 
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3. THETA-LIFTING FOR THE PAIR G§P2n,G02m 

3.1 Let n, m G N and G = G = GSp2„. Pick a maximal torus and a Borel subgroup T g, C Mq C 
G. The stack Bunc classifies M G Bun2n,-4 € Buni with symplectic form A^M —f A. We have 
a (Z/2Z-graded) line bundle Ag on Bun^ with fibre detRr(X,M) at {M, A). 

Let vr : X — > X be an etale degree 2 covering, a the nontrivial automorphism of X over 
X and S = {l,cr}. Let £ be the a-anti-invariants in vr^O, it is equipped with a triviaUzation 
K : £^^0. Let £"0 denote the u-anti-invariants in 7r*Q£, it is equipped with £q'^Q(:. Let g 
(resp., g) denote the genus of X (resp., of X). 

Let IH := G02m be the connected component of unity of the spHt orthogonal simihtude group 
G02m over Spec fe. Pick a maximal torus and a Borel subgroup Te C Be C H. Pick a G 02m(^) 
with (T^ = 1 such that a ^ S02m{k). We assume in addition that a preserves Te and Be, so for 
m > 2 it induces the uniqu^ nontrivial automorphism of the Dynkin diagram of H. For m = 1 
we identify W^Gm x Gm in such a way that a permutes the two copies of Gm- 

Realize IH as the subgroup of GL{k'^"^) preserving up to a multiple the symmetric form given 
by the matrix 

O Em 
O 

where E^ £ GL^ is the unity. Take Th to be the maximal torus of diagonal matrices, Mh the 
Borel subgroup preserving for i = 1, . . . ,m the isotropic subspace generated by the first i base 
vectors {ei, ...,€{}. Then one may take a interchanging Cm and e2m and acting trivially on the 
orthogonal complement to {em,e2m}- 

Consider the corresponding E-action on H by conjugation. Let H be the group scheme on 
X, the twisting of H by the S-torsor vr : X — > X. 

The stack Bun^ classifies: V € Bun2m; C € Buni, a nondegenerate symmetric form Sym^ V — ; 
C, and a compatible triviaUzation 7 : C"™ det £. This means that the composition 

C-^"^ (det 2^ ^2~(p 

is the isomorphism induced hy V^V* ^ C. (Though det is involved, we view 7 as ungraded). 

Let RCov'^ denote the stack classifying a line bundle U on X together with a triviaUzation 
1^®2~Q_ Its connected components are indexed by Hgj(X, Z/2Z), each connected component 
is isomorphic to the classifying stack B{fi2)- 

Let Bun// be the stack classifying V G Bun2m,C G Buni and a symmetric form Sym^ V ^ C 
such that the corresponding trivialization (C~™ (S' det V)'^^0 lies in the component of RCov'' 
given by {£,k). Note that 

Bun^ ^ Spec/c Kj^^^^o Buuh, 

where the map Spec A; — > RCov'' is given by {£, k). Write Bun^ C Bunj^ for the open substack 
given by degC = d, and similarly for Bun^. 



except for m = 4. The group GOg also has trihtarian outer forms, we do not consider them. 
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The projection pn : Bun^ — > Bun/^ is a )U2-torsor. By extension of scalars /7,2 C Q| it yields 
a rank one local system M on Bun^j, which we refer to as the determinantal local system. 
Let Ah be the (Z/2Z-graded) Une bundle on Bun^/ with fibre detRr(X,y) at (F, C). Set 

BunG,i? = Buriij Xpicx Bunc, 

where the map Bun// PicX sends {V,C, Sym^ F ^ C) to O (8> C~^. The map Bunc PicX 
sends (M, A^M — > ^) to >A. We have an isomorphism C for a point of BurLG,H- Let 

r : Bunci/ ^ Bunca^^ 
be the map sending a point as above to V M with symplectic form A^(y (S' M) ^ fi. 
Proposition 2. For a poini o/Bunc^ff as above we have a canonical Z/2Z-graded isomorphism 
, detRr(X,y)2"®detRr(X,M)2™ ^ ^ 

More precisely, we have a canonical 'L/2'L-graded isomorphism of Une hundles on Bun^^ij 

T*^G2nm^^H' ® ^cT ® -4^^"™ det Rr(X, 
Lemma 1. For any M G Bun„, V G Bun^ i/iere «s a canonical 'L/2'L-graded isomorphism 

det Rr(X, M)®"* (8) det Rr(X, F)®" det Rr(X, >4 ® B) 



detRr(X,Moy)' 



det Rr(X, A) (8) det Rr(X, B) det Rr(X, C))®""»-i ' 



where .4 = det M, B = det V. 

ii) For any v4, H G PicX there is a canonical isomorphism of 'L/2'L-graded lines 



del Rr^Y. A K B'") C>; del Rr(X, AY"'~^ _ det Rr(A", B'") S det Rr(X, 



deiBj:{X,A®B)^ detRr(X,B)'" 

Proof i) Denote by A{M, V) the Z/2Z-graded vector space 

det RT (X, M y ) det RP (X, A) (Si deiRT{X,B) 

det RP(X, M)®"» (g) det RP(X, F)®'» ® det RP(X, A® B) ' 

where A = det M, B = dety. View A as a Z/2Z-graded hne bundle on Bun„ x Bun^- Let us 
show that this hne bundle is constant. 

For an exact sequence of O^-modules O -> M ^ M' ^ M' /M O, where M' /M 
is a torsion sheaf of length one at x G X, we have a canonical Z/2Z-graded isomorphism 
A{M', V)^A{M, V). Similarly, for an exact sequence of Ox-modules O ^ F ^ F' ^ V' /V 
O, where V' /V is a torsion sheaf of length one at a; G X, we have a canonical Z/2Z-graded 
isomorphism A{M, V') ^ A{M, V). 

To conclude, note that ^(O", O"^) = detRP(X, O)®!""™. 
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ii) The proof is similar. □ 
Proof of Proposition 

For a point {M, A) of Bunc the form A^M — A induces an isomorphism detM^A"'. So, by 
Lemma[Tl for a point of Huiig^h as above we get a Z/2Z-graded isomorphism 

det RT(XV®M)^ detRT{X,Vr0detRT{X,Mr- det Rr(X, ^» det y) 

detRr(X,^")0detRr(X,dety) ® det Rr(X, O)^»— i ^^"^^ 

Applying it to M = ©"^^^(0 „4) with the natural symplectic form A^M ^ A, we get 

det Rr(X, 0)2"m-i _ det Rr(X, ^" det F) 
det Rr (X, ^) 2""^ ^ det Rr (X, ) ® det RT {X, det F) 

Combining the latter formula with (jl3p . one concludes the proof. □ 

3.2.1 By Proposition [21 we get a map f : Bunc^// — > Bun^j^^ sending (A^M — > ^, Sym^ F — > 
C,^OC^O) to (A2(M0y) ^ Here 

det Rr(X, y)" det Rr(X, M)™ 
~ det RT{X, O)""^ det RT{X, ^)"™ ' 

and B"^ is identified with detRr(X,M V) via (fT2D . 

Definition 1. For the diagram of projections 

Buuh ^ Buug -H> Buug 
define Fg : D(BunH) ^ D(BunG) by 

FciK) =p!(f*Aut®q*i^)[dim.rel], 
where dim. rel = dimBun^^ — dim Bun^j^^^ . Define Fh : D(BunG') — > D(Bun//) by 

Fh{K) = q!(f* Aut(g)p*i^)[dim.rel], 

where dim. rel = dimBungo^^ — dimBuncjnm- Set also Fjj = P*h ° Ph- Replacing Aut by Aut^ 
(resp., by Aut^) in the above definitions, one defines the functors Fg^s, Fh,s, F^ ^ (resp., FG,g, 
Fn^g, ^Hg)- write F^ = Fh when we need to express the dependence of Fh on G, and 
similar ly for Fq = Fg- 

Let Bun^^ ^ be obtained from Bunc^/f by the base change Bun^ — > Bun/^. By abuse of 
notation, the restriction of f : Bunc^// — > Bun^j^^^ to Bun^ ^ is also denoted by f. 

3.2.2 Let Ae (resp., Ah) denote the coweight (resp., weight) lattice for H. Write X^ for the 
dominant coweights. The corresponding objects for G are denoted Ag, Ag and so on. 
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For m > 2 let G §pin2m, be the central element of order 2 such that §pin2m /{±1^}-^ S02m- 
Hcrc §pin2„j and S02^ denotc the corresponding split groups over Spec/c. For m > 2 denote by 
GSpin2^ the quotient of x Spin2^ by the subgroup generated by (—1, i). Let us convent that 
GSpin2 X Gm- The Langlands dual group is GSpin2^. We also have GSpin2„+i, 

where GSpin2„_|_x is the quotient of G„i x §pin2„_|_x by the diagonally embedded {±1}. 
Lct Ve_ (rcsp., Vg) denotc the Standard representation of S02m (rcsp., of S02„+i). 

CASE m < n. Pick an inclusion Mhi > Vj; compatible with symmetric forms. It yields an 
inclusion H ^ G, which we assume compatible with the corresponding maximal tori. Pick an 
element gg G SO(VG)-^*Gad normalizing Tq, and preserving Ve. and Th C Be. Let (Th G O(Vhi) 
be its restriction to V^. We assume that cru vicwcd as an automorphism of (H, Th) extends the 
action of E on the roots datum of (H, Th) defined in Section 3.1. 

In concrete terms, one may take Viq = k^"''^^ with symmetric form given by the matrix 

/ O O 

V O 1 

where En G GL„ is the unity. Take Tg, to be the maximal torus of diagonal matrices. Let 
Vm C Vishe generated by {ei, . . . , e^, e„+i, . . . , en+m}- Let Th be the torus of diagonal matrices, 
and Bh the Borel subgroup preserving for i = 1, . . . , m the isotropic subspace generated by 
{ei,...,ej}. Then one may take ag, permuting and Cn+m, sending e2n+i to — e2n+i and 
acting trivially on the other base vectors. 

We let S act on H and G via the elements ae, <jg- So, the inclusion H ^ G is S-equivariant 
and yields a morphism of the L-groups — > G^, where H^^M. x S and G^^G x S (in the 
sense of B. 2). 

CASE m > n. Pick an inclusion Va ^ Vm compatible with symmetric forms. It yields an 
inclusion G ^ H, which we assume compatible with the corresponding maximal tori. Let 
be the identical automorphism of V(q. Extend it to an element cth G O(Tii) by requiring that cth 
preserves Th C Bh and cje ^ SO(Ve), = id. 

Let T, act on H and G via the elements uh, The S-action on (H, Th) extends the S- 
action (defined in Section 3.1) on the root datum of (H, Th)- Again, we get a morphism of the 
L-groups H^. Note that G x E^G^ is the direct product in this case. 

As in B. 2, in both cases the corresponding functoriality problem can be posed. As in B.l, 
for A G A^ (resp., A G A^) one defines the Hecke functors 

: D(Bun^) ^ B{X x Bun^) 

and 

: D(BunG) -^B{X x Bunc) 
Write Vjj (resp., V^) for the irreducible representation of H (resp., of G) with highest weight A. 
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Conjecture 1. i) Case m = n. For X G there is an isomorphism functorial in K ^ D(Bun^) 
(vr X id)*H^FG(i^)^ e^g^+ {idmFG)%iK)^Rom^iV^,iVir) 

Here n x id : X x Buiig X x Buiig and id^Fc : B{X x Bun^) D{X x Bunc) is the 
corresponding theta-lifting functor. 

ii) Case m = n + 1. For /i G there is an isomorphism functorial in K ^ D(BunG) 
%F^iK)^ e,gA+ (vr X id)*(idKF^)H^(K) 0Hom^((Fc^)*,O 

Here vr x id : X x Bun^ X x Bun^ and idKlF^ : D(X x Buiig) D(X x Bun^) is the 
corresponding theta-lifting functor. 

In both cases these isomorphisms are compatible with the action of S on both sides (T, acts 
on the Hecke operators for H via 161\) ). 

Remark 1. For other pairs {n, m) the relation between the theta-hfting functors and Hecke 
functors Fq,Fj{ is expected to be essentiahy as in [13] involving the SL2 of Arthur. 

3.2.3 Let act : PicX xBunG Bun^ be the map sending {C G PicX,M,^) to {M (g) C, A® C'^). 
Write also act : PicX x Bunn Buhh for the map sending (£ G PicX, V, C) to (F C(g)£^). 

Definition 2. For a local system U on X write AU for the automorphic local system on PicX 
corresponding to U. It is equipped with an isomorphism between the restriction of AU under 
X(<i) PicX, D ^ 0{D) and ^/W, this defines AU up to a unique isomorphism. 

Definition 3. For a rank one local system ^ on X say that K G D(BunG') (resp., K G D(Bun/f)) 
has central character ^ if is equipped with a (Pic X, j4^)-equivariant structure as in (as in 
|10j . A.l, Definition 7). In particular, we have act* AA M K. 

Remark 2. Using Lemma [H one checks that for K G D(Bunj:^) (resp., K G D(BunG')) with 
central character x fhe central character of Fq{K) (resp., of F^{K)) is f^". The reason 

for that is the following. Let Xg,h be the stack classifying {M, A) G Bun^, {V,C) G Bun//, 
U G PicX equipped with ^ (8) C C/^ — We have a commutative diagram 

BuncH ^ BunG2„„ 

T ™G T T 

^G,H Bunc^jy, 

where mc (resp., run) sends the above collection to (M (>^U,A(>^ U"^) G Bunc, iV^C) G Bun// 
(resp., to {M, A) G Bun^, {V ®U,C® U"^) G Bun^). Then the diagram 

BuncH ^ BunG2„^ 

T T ^ 
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is not 2-commutative in general. The key observation is as follows. Consider a line bundle on 
Pic X whose fibre at C/ G Pic X is 



det Rr(X, U (^£)® det Rr(X, O) 
^ ' '~ det Rr(X, U) ® det Rr(X, S) 

The tensor square of this hne bundle is canonically trivialized, so defines a 2-sheeted covering 
of PicX. The corresponding local system of order 2 on PicX is A£q. 

3.3.1 Let P C G be the Siegel parabolic, so Bunp classifies: L G Bun„, A G Buni, and an 
exact sequence of O^-modules O Sym^ L — — > ^ — j- 0. Write vp : Bunp — > Bunc for the 
projection. Let Mp be the Levi factor of P, so Bun^p — ^ Bun„ x FicX. 

Set Bunp H = Bunp XBunG Bunc^// and Bnnp ^ = Bunp XBunG Bun^^ ^. We have a commu- 
tative diagram 

BuncH ^ BunG2„™ 

T T r^2um (14) 

Bunp,^ ^ Bunp_, 
where rp sends {V,C, Sym^ V —)■ C) and 

O^Sym^L^T^^^O (15) 

to the extension 

O ^ Sym2(1/0L) ^? ^ O ^ O, (16) 
which is the push-forward of (llSp under the composition 

(g) Sym^ L^C (g) f)"^ ® Sym^ L ^ ® Sym^ V ® Sym^ L ^ ® Sym^{V (g) L) 

Here the second map is induced by the form C —s- Sym^ V. We have used the fact that for 

(y,C,Sym^V C) of Buuh the map Sym^ F* ^ (Sym^ F) g) induces a section 

C ^ Sym'^ V of Sym^ y C, so C is naturally a direct summand of Sym^ V. 
Though (|14p commutes, the following diagram is not 2-commutative 



n,^ ^ Bunp_, 



its non commutativity is measured by the following lemma. Write a p : Bunp PicX for the 
map sending (fT5]) to det L. Let «p^ be the composition Buup^ Bunp -5 PicX. 

Lemma 2. There is a canonical isomorphism over BuUp^;^ 

(i/p X id)*f* Aut ^ TpD2nj^ Ani '^a*p jijASo 
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Proof Write Burip^:^ for the restriction of the gerbe Buncjnm ~^ I^^'^G'2nm under r o (z/p x id) : 
Burip^ — > BunG2nm- The map f o (z/p x id) yields a triviahzation Burip^ ^ Burip^ xB{fi2) 
of this gerbe. So, z/2nm ° Tp gives rise to a map Bunp^ — > B{n2)- The corresponding /i2-torsor 
over Bunp ^ is calculated using Lemma [H Namely, we have a line bundle on Buup ^ whose 
fibre at (([15]), y. C, Sym^ y ^ C, 7) is 

79(C™ ® det L) 
t9(C™) 

The tensor square of this line bundle is canonically trivialized and gives rise to the corresponding 
//2-torsor on Buup^. Our assertion follows by Remark[2j □ 

Definition 4. Let -Fp,?/) : D(Bun//) — > D(Bunp) be the functor given by 

Fp^^{K) = (pp)!(q^i^ 0r^5p,^)[dim.rel] 
for the diagram of projections 

Bunn Bunp,^^ ?5 Bunp, 

where dim. rel = dimBunp^// — dimBun// — dimBunpj^^ is a function of a connected component 
of Bunp^iif. Replacing H hy H is the above diagram, one defines Fp^^ : D(Bunj:^) — > D(Bunp) 
by the same formula. 

CoroUary 1. The isomorphism (0) yields an isomorphism Fp^^ (^Op^fo-^z/p-Fcldim. rel(z/p)] 
of functors from T> (Bung) to D(Bunp). □ 

3.3.2 Let Sp be the stack classifying L € Bun„,^ € PicX and a section Sym^ L A ® ft. 
Then Sp and Bunp are dual (generalized) vector bundles over Bunjv/p — ^ Bun„ x PicX. Let 
ip : BuuMp ^ Sp denote the zero section. 
Let 

Vh,p Bun„ X Buuh 

be the stack whose fibre over (L e Bun„, V, C, Sym^ V ^ C) is Rom{V ^L,n). We have a map 

Pv : Vh^p Sp sending (y,C) G Buui^, L G Bun„, L V*(SiQ to (L,^,s), where A = Q(g)C~^ 
and s is the composition 

Sym^ L O Sym^ F* ^ Jl^ ^ f] 

Definition 5. Let Fg : D(BunH) ^ D(5p) be given by Fs{K) = (pv)!qvi^[dim. rel(qv)] for the 
diagram 

BnuH ^ Vh,p ^ Sp, (17) 

where qv is the projection. 
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The following is immediate from definitions. 

Lemma 3. There is a canonical isomorphism of functors Fp^^^ Four^ oF^ from D(Bunj|/) to 
D(Bunp). □ 

Let CTp : D(BunG) —s- D(BunA/p) be the constant term functor given by CT p{K) = ppUpK 
for the diagram Bunc Bunp ^ BuriA/p, where pp is the projection. Let ump '■ Bun^/p — > 
PicX be the map sending {L, A) to detL. 

CoroUary 2. The isomorphism induces an isomorphism CT p oFg^ i*pFs ® a*^^A8Q of 
functors (up to a shift) from D{Bun^) to D(BunAfp). □ 

Let Vjj p be obtained from Vh,p by the base change Bun^^^ — > Bun//. Denote by 

■ '^H,P BuUh XpicX Sp (18) 

the map (qv,pv)- The map Vfj p Bun^:^ ^pic^^p obtained from by the base change 
Bun^ — > BuiiH is again denoted by abuse of notation. 
Define the complex "T on Bun^ Xpicx ^p by 

°'r = ev!Q£[dimV^p], 

The group S2 acts on changing the sign oi t : L ^ V* ® ^l, so S2 acts also on ^T. Let 
Four^ : D(Bunj^ xpicX'Sp) D(B UTip denote the Fourier transform. For the map Tp : 
Bunp^ Bunpj^^ we have a 52-equivariant isomorphism 

rp5p^^ [dim. rel(rp)] ^ Four^('^T) 

Remark 3. If Gi is a connected reductive group, which is not a torus, it is expected that 
for the projection pr^j^ : Bun^^ BunQ^/[Q^ Q^j and a cuspidal complex K € D(BunG^) we 
have {ptq^)\K = 0. The reason to beheve in this is that for K cuspidal and automorphic the 
eigenvalues of Hecke operators acting on K and on Q£ are different, so that Q£ and K are 
'orthogonal'. 

So, for m > 1 it is expected that for the projection pr^ : Bun^ PicX sending {V, C) to C 
and a cuspidal K € D(Bun^) we have {prjj)\K = 0. If this is true then for such cupidal K we 
have CTp{Fg{K)) = O (in particular, if n = 1 then Fg{K) is cuspidal). 

Indeed, by Corolary [21 a fibre of CT p{Fg{K)) over {L, A = ^) is an integral over 
(y, C) £ Bun^ equipped with a map L — > y* (g) fi, whose image is isotropic. But we can first 
fix the isotropic subbundle V* O, generated by the image of L and then integrate. The 
corresponding vanishing follows. 

3.4 The case of split H. In this subsection we assume the covering vr : X — > X split. Let 
Q C H = G02m be the Siegel parabolic, then Buug is the stack classifying L G Bun^, C € Buni 
and an exact sequence O — > A^L — >? C O on X. The projection Uq : Bun^ Bun^v 
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sends the above point to (y, C,Sym^y — > C, 7), where V is included into an exact sequence 
O ^ L ^ L* (g)C ^0 and'y: delV^C"". 

Let Mq be the Levi factor of Q, so Bun^,/^ ^ Bun^ x PicX. Let Bun^^g be the stack 
obtained from Buhg^h by the base change Buiig Jiunn ■ Lemma [1] imphes that the fohowing 
diagram is 2-commutative 

BuncH ^ BunG2„„ 

t T i'2nm 

where sends (M, A, A^M ^ ^, O ^ A^L ^? ^ C ^ 0) to the extension 

O ^ Sym2(M L) ^? ^ O ^ O, 

which is the push-forward of O — > ^ (S' A^L — >? ^ 17 ^ O under the composition A ® A^L — > 
A^M (8) A^-L ^ Sym^(M L). Remind that we have a canonical direct sum decomposition 
Sym2(M (g) L) ^ (Sym^ M Sym^ L) © (A^M A^L). 

Definition 6. Let Fq ^ : D(BunG) ^ D(BunQ) be the functor given by 

^Q,V'(^) = PQ ! (E) TtSp,^)[dim. rel] 
for the diagram of projections 

Buno 'S Bun^,g ^ Bun^, 
where dim. rel = dimBun^ q — dimBun^ — dimBunpj^^- 

CoroUary 3. The isomorphism induces an isomorphism Fq ^^z^^F^[dim. rel(fQ)] offunc- 
tors from D(BunG) to D(BunQ). 

Let Sq be the stack classifying L E Bun^, C G Pic X and A^L C®Vl. Then Sq and Bun^ 
are dual (generalized) vector bundles over Bunjv/^- 

Let Wq g Bun^, x Bun^j be the stack whose fibre over L E Bun^, [M, A) G Bun^j is 
Hom(M (g) L,r2). We have a map pw '■ ^gq ~^ ^Q sending L S Bun^,, {M, A) € Bun^ and 
t : L ^ M* (g) to (L, C = O (8) .4"^, s), where s is the composition 

A^L ^* (A^M*) (g) ^2 ^ (g) 0^ 
Define Fs^ : D(BunG) ^ D(5g) by 



for the diagram 



Fs^{K) = (pw)!qw^[dim.rel(qw)] 



T) 1w -.A, Pw e 



G,Q 

Here q>v is the projection. From definitions one gets 
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Lemma 4. There is a canonical isomorphism of functors Fq ^ Four^ ^-^^g f™''^ D(BunG) to 
D(BunQ). □ 

3.5 Weil representation and two-sheeted coverings 

Write Bun^ for the stack classifying rank 2n vector bundles W on X with symplectic form 
K^W Vlj^. Let 7r„ : Bun^^^ BuiiCa^ be the map sending the above point to -k^W equipped 
with natural symplectic form /\^{tt^W) O,. Denote by -4^^ ^ the line bundle on Bun^^^ ^ 
with fibre detRr(X, W) at W. Since vr*^G'2„ ~^ ^Gt, x canonically, vr^ lifts to a map 

Proposition 3. There is a canonical isomorphism. Aut^vr* Aut[dim. rel(7f„)] preserving the 
generic and special parts. 

Proof Let j Bunc^, C Bunc^, be the locally closed substack given by dimH°(X,M) = i for 
M G Bun^j. . Let j Bung-^ be the restriction of the /X2-gerbe Bun^j. Bun^j, to j Bun^j, . As in 
(jlOj. Remark 1), we have a cartesian square, where the vertical arrows are canonical sections 
of the corresponding /i2-gerbes 

.Bun^^^ ^ ,BunG,„ 
i i 



This gives a canonical normalization of the sought-for isomorphism over j Bun^^ for i = 0,1. 
It remains to show its existence. 

To do so, consider the commutative diagram 

Bun^ ^ B^m^ ^ 

Bunp,„ B^nG,„, 

where we denote by 7r„^p the following map. Given an exact sequence on X 

O ^ Sym^L ^? ^ ^ O, (19) 

summate it with the one obtained by applying a*. The resulting exact sequence 

O ^ Sym2(L © a*L) ^? ^ 17^ ^ O 

is equipped with descent data for X —>■ X, so yields an exact sequence O —^ Sym^(7r*L) — >? — > 
f2 — >■ O, which is the image of by 7r„ p. 
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Let cBun^j^ C Bun^ ^ be the open substack classifying W G Bun^ with Il^{X,W) = 0. 
Let X ~^ cBun^j^ be the vector bundle with fibre Hom(VF, fij^) at W. Write cBunp^ 
for the preimage of cBun^ under the projection Bunp^ Bun^ j^. We get a commutative 
diagram 

i 'Tv i ■^n,P 

Sym^ cVIn ^ c Bunp2,^ 
where the horizontal arrows are those of (llOJ, 5.2). Here vrv is the map sending L € Bun^ X' ^ ^ 
SYm^H\X,L) to n^L e Bun2„,6 G Sym^ h1(X, vr^L). 

By (loc.cit, Proposition 7), it suffices to show that over cBurip^ there is an isomorphism 

iT* pSp^^ [dim. rel(7r„,p)] ^ Sp^^ 

We have the sheaves 5^ on Sym^cV*^^ and on Sym^cV|„ defined in {loc.cit., 4.3). Since 
up to a shift, our assertion fohows from {loc.cit, 5.2). □ 

3.6 Whittaker type functors 

3.6.1 Write Bunp for the Drinfeld compactification of Bunp introduced in ([3], 1.3). So, Bunp 
classifies {M, A) G Bun^ together with a Lagrangian subsheaf L C M, L G Bun„. Then 
Bunp C Bunp is the open substack given by the condition that L is a subbundle of M. 

In the spirit of ([II], Sect. 7), let Zi denote the stack obtained from Bun^^ ^ by the base 

change Bunp — > Bun^. Let vz'- Bun^-,^ be the projection. 

Denote by 'K2,\ : Z2 ^ Z\ the stack over Z\ with fibre consisting of all maps s : Sym^ L — 
A®^. A version of (Theorem 3, loc.cit.) holds. Namely, one defines a Whittaker category 
D^(Z2) as in {loc.cit., 2.10). Here is its description on strata. 

For (i > O let -'^Zi C Zi be the closed substack given by the condition that A"L ^ A"M 
has zeros of order < d. Its open substack '^Zi C -'^Zi is given by: there is a subbundle L' C M 
such that L C L' is a subsheaf with d = deg{L' /L). Then -'^Zi is stratified by ^Zi for O < i < d. 

The stack '^Zi classifies collections: a modification of rank n vector bundles L C L' on X 
with deg(L'/L) = d, A £ PicX, and an exact sequence O — > Sym^ L' — >? ^ ^ ^ O on X, 
{V,C,Sjm'^V ^ C,-f) gBuUj^ with c (g) A^ n. 

Set 

'^Z2 = Z2Xz^ '^Zi and ^'^Z2 = ^2X2, ^'^Zi 
Let '^Z'2 ^ '^Z2 be the closed substack given by the condition: s factors as 

Sym^ L ^ Sym^ L' ^ A(g^ 

Let '■ ^^2 ~^ be the pairing of s with the extension O Sym^ L' ^? ^ ^ — > 0. 

Let '^V2 be the stack classifying: {V,C,Sym'^V — > C,7) G Bun^:^, a modification of rank n 
vector bundles L C L' on X with d = deg(L'/L), and a section s : Sym^ L' —>■ A® ^ with 
C (S' ^^$7. The projection 

</'2 : ^ ''7'2 
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is smooth. 

Lemma 5. Any object o/D^('^^2) is the eztension by zero from The functor 

'^J{K) = '^x*J^i, «> </'2i^[dim.rel] 

provides an eguivalence of categories '^J : D{^'P2) D^{^Z2) and is ezact for the perverse 
t-structures. Here dim. rel is the relative dimension of (f)2- □ 

Proposition 4. There is an eguivalence of categories W12 : T>{Zi)^ {Z2), which is exact 
for the perverse t-structures, and (7r2,i)! is guasi-inverse to it. Moreover, for any K G {Z2) 
the natural map {it2,i)\K —s- {7r2,i)*K is an isomorphism. □ 

3.6.2 We have naturally ^V2—^ Bun^ XpicxSp. Note that '^Zi is of codimension d in Zi. Define 
the complex '^T G B{'^V2) by 

'^T = pT*CT)[d + nd], 

where pr : '^'P2 — ^7^2 is the projection forgetting L (the relative dimension of pr is nd). Set also 
'^K2 = '^J{'^'T). Let S2 act on '^K2 via its action on . Using ([6]), for the *-restriction we get 

Wi2{v*zf* Ani) \dz^ [d\m..Ye\{f o uz)]^'^K2 

Question. Consider the object of the Grothendieck group of 'D{Z2), whose *-restriction to '^Z2 
is '^K2. Does it satisfy the Hecke property in the Grothendieck group of ^2? 

4. The pair GL2,G02 

4.1 Keep the notation of Sect. 3 assuming n = l,m = 1. So, G = G = GL2. In Sect. 4 we 
assume X connectedU Identify M = GO^ with Gm X Gm in such a way that the automorphism 
O" of H permutes the two copies of Gm, so H = ir^Gm- We have canonically Ae-^Z^, and a 
sends a coweight fi = (/ii,/i2) to afi = (^25/^1)- 

We have a canonical isomorphism PicX^ Bun^^ sending B G PicX to ^ = vr^S, C = N (B) 
equipped with natural symmetric form Sym^ y — > C and isomorphism 7 : C^£ ® detT^. Here 
N : PicX — > PicX is the norm map (cf. A.l). We also write a for the map PicX — > PicX 
sending B to a*B. The following diagram is 2-commutative 

PicX ^ PicX 

i Ph y Ph 
Bun// 

Write X^'^^ for the d-th symmetric power of X, we also view it as the scheme classifying 
effective divisors on X of degree d. 

^Some of our results extend to the case of non connected X, but this case reduces to the study of renormahzed 
geometric Eisenstein series from [3]. 
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Let Pic'^^ be the connected component of PicX classifying £ S PicX with degC = d. 
Write Pic''^^ for the stack classifying C G Pic'^X with a section O ^ C One defines Pic"^X 
similarly. Let 

TTg^ : Pic"^'^ ^ Pic"^X xpicx PicX 

be the map sending {C G Pic'^^, O ^ C) to {C, O ^ N{C)). The group S2 acts on tt'^^ sending 
{£., t) to {C, —t). We have an open immersion X^'^^ ^ Pic"^X corresponding to nonzero sections. 
Restricting n'^^ to the the corresponding open substacks, one gets a map 

^' :XW ^x'-'^^ xpicxPicX 

By abuse of notation, denote also by vr the direct image map vr : X^'^^ — > X^'^\ 

Lemma 6. i) For any local system E on X we have tt^E^'^^ (tt^eY^^ For a rank one local 
system x on X we have vr*(x^'^-') (7r*x)^'^-' • 

ii) For each d > O both the S2-invariants and anti-invariants in n'^ild] are irreducible perverse 
sheaves. If d > 2g — 2 then the same holds for {Ti'^^)\Q^([d\. 

Proof ii) The map vTg^ is finite. Write Pic X for the Picard scheme of X and similarly for X. 
We have a //2-gerbe 

r : xpi,x PicX ^ X^'^'^ Ek^ 

Step 1. Let us show that the 5'2-invariants in 7r(Q£[(i] is an irreducible perverse sheaf. It suffices 
to show that riVTi^^fii] is an irreducible perverse sheaf. 

Let Z denote the image of the (finite) map r o vr' (with reduced scheme structure) . The 
projection pz '■ Z ^ X^'^^ is a finite map. Take a rank one local system E' on X that does 
not descend to X. Let AE denote the corresponding automorphic local system on PicX (cf. 
Definition [2]) . Since {pz)\ sends a nonzero perverse sheaf to a nonzero perverse sheaf, it suffices 
to show that 

{pz)\{{t,7r'rQi[d]) ^ {Qe^ AE)) 

is an irreducible perverse sheaf. But the latter identifies with {Tr\E)^'^'^[d], so is irreducible. 

Step 2. Let r]z (resp., r/) denote the generic point of Z (resp., of X('^)). From Step 1 it follows 
that the map r o vr' yields an isomorphism rj^rjz- So, the restriction of the /i2-gerbe r to r] z is 
trivial. For any map ^ = (id, ^') : r] ^ ij x i?(/i2), the S'2-anti-invariants in is an irreducible 
local system. It follows that the 52-anti-invariants in 7r[Q^[(i] is an irreducible perverse sheaf. 

Step 3. For d > 2g — 2 the stack Fic"^ X is smooth. Since {7r'^^)\Q£[d] is the Goresky-MacPherson 
extension from X^'^^ xpicX PicX, from Steps 1 and 2 we learn that both the 5'2-invariants and 
anti-invariants in (7rg^)!Q£[(i] are irreducible perverse sheaves. □ 

For the map f : Bun^^ ^ — > Bun^j set 

Aut(^ H g = T^* Autg[dim. rel(f)] and Aut^^ h s ~ ^* Auts[dim. rel(f)] 
and Aut^^^ = Autg^^ ^^eAutg^^^^. 
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Proposition 5. i) Both Aut^^^ and Aut^^^^ are irreducible perverse sheaves, and we have 
D(Autg fj) ^ Autg canonically. 

ii) The sheaf Aut^ ^ is ULA w. r. t. Bun^^ — Bun^:^. 

Proof i) Consider the map Bunp^ — > Bun^^^ obtained from Bunp — > Bunc by base change 
Bun^^ BujiQ. Let '^Bunp^ be the open substack of Bunp^ given by 2degL + degC < 0. 
We have a commutative diagram 

t' ^ T .2 

"Bunp^ -5 ^Bunp^, 

where the vertical arrows are smooth and surjective. By ([IH], Proposition 7) and Lemma^l 
it suffices to show that both TpSp ,^ ^[dim. rel] and TpS'p ,^ ,,[dim. rel] are irreducible perverse 
sheaves over each connected component of ^ Bunp^:^. 

Remind the following notation introduced in 3.3.2. The stack Sp classifies L E PicX, 
A G PicX and a map L^"^ — > ^ (g) il. Let ^Sp C Sp be the open substack given by 2degL — 
degA + degO. < 0. 

The stack Vjj p classifies L G PicX, B G PicX and it*L B*. (We may view t as a map 
L (g) y — 5- for y = -k^B). The map '■ p ~^ Bun^ XpicX <Sp sends (L, B, t) to (L, B, s), 
where s : L'^ ^ N (B*) is the norm of t. Set 

Note that ''V^^^ p is smooth (here the connectedness of X is essentially used). 

By definition, Tp5p^^ [dim. rel] is the Fourier transform of {(,\;)\Qe[dimVfj p]. From ii) of 
Lemma[6]it follows that (^v)!Q£[dim p] is a direct sum of two irreducible perverse sheaves 
over Bung XpicX^Sp. We are done. 

ii) We need the following general observation. If / : y ^ 5* is a vector bundle over a smooth 
base S, and K G D(y) is ULA w. r. t. / then Four^(i^) is ULA w. r. t. the projection Y ^ S. 

Apply this to the vector bundle v : Bun^ ^PicX^Sp —i- "^(Bun^ xpicx BunA/^), where the 
base classifies pairs B G Pic X, L G Pic X with 2 deg L + deg B < 0. 

Since the projection "^V^ p — > "^(Bun^^^ XpicX Bun^/p) is smooth, {(,v)\Qi is ULA w. r. t. v, so 
its Fourier transform is also ULA over "^(Bun^ Xpicx Bunjv/p). 

Since ^ Buup^ —s- Bun^^ g is smooth and surjective, our assertion follows (the ULA property 
is local in the smooth topology on the source). □ 

For our particular pair {H, G) the projection Bun^ g Bung- is proper (this phenomenon 
does not happen for ni > 1). So, Proposition [5] implies that Fg commutes with the Verdier 
duality. 

4.2 Hecke property 
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4.2.1.1 For a dominant coweight A of G write Ti^ for the Hecke stack classifying x G X, M, M' G 
Bunc with an isomorphism /3 : M'^ M' \x-x such that M' is in a position < A w. r. t. M in the 
sense of ([!]). We have a diagram 

A X BuiiG ^ rLQ Bunc 

where (resp., p'q) sends {x,M,M',(3) to M (resp., M'). 

We fix an inclusion M ^ G = GL2 as the maximal torus of diagonal matrices. This yields 
isomorphisms Ae-^A^^Z. Given a coweight ^ = {fii,^2) £ Ae such that X — fj, vanishes in 
7ri(G) (that is, Ai + A2 = /ii + ;U2), consider the diagram 

i i 
X X Bunc '"'^J^"^^ 

where 'H^f^^ classifies collections: {B^M) G Bun^^^, x G X for which we set x = tt{x), and 

{x,M,M',j3) G TY^. The map PfjQ forgets {[3, M'), so the left square is cartesian. The map 
p'- sends the above collection to {B' , M') G Bun/v ^, where ^S' = B{^ix + fi20'{x)). 

The Hecke functor H'^''*' : D(Bun^ g) ^ D{X x Bun^ g,) is given by 

R^'\K) = (supp xp^^c)!(IC^^,A ®(y^^^)*i^)[-dimBun^_^] (20) 

We have 

pr* IC^i^^A [dim. rel] ^ lC^^.x , 

where dim. rel = dimBun^ ^ — dimBun^. By B. 1.3, H'^'^ commutes with the Verdier duality. 
As in B. 1.2, we have a canonical isomorphism 

6^:{ax id)* o H^'^ ^ H-"^'^ (21) 

(we used that a acts trivially on the dominant coweights of G). 

Write V'^ for the irreducible representation of G with h. w. A. For a G-representation V and 
/i G Ae denote by V{iJ,) the /i-weight space of El in V. 

Theorem 1. For A G A^,/i G Ae such that A — /z vanishes in 7ri(G) the sheafH'^'''' {Aut^ ^j) is 
perverse, and we have 

H^'^(Aut^ ^^) ^ e^. H'^'°(Aut^_^) (F^)*(i/ - /i) (22) 

/n ot/ier words, the sum (without multiplicities) is over the coweights v = (—a, a) such that 
X\ — [i\ > a > [i2 — \\- // Al — A2 is even then this isomorphism preserves generic and special 
parts, otherwise it interchanges them. 
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Remark 4. The isomorphism (j22p is compatible with the action of S = {l,cr} on both sides, 
that is, the diagram commutes 

(cj X id)*H'^'^(Aute^^) ^ (fj X id)*(ez.H'^'°(Aute_^) {V^)*{iy - fi)) 

4.2.1.2 Remind that Bun^^^p denotes the stack obtained from Bun^^^^ by the base change 
Bunp -5 Bunc. Remind the stack -'^Zi (cf. Sect. 3.6.1). We have a commutative diagram 

XxBun^_p J^"'"^ n%^p <Ai-A2 2i 



snvp^Pfja — Ph,G „ 

XxBun^g ^ ^^,G ^ Bun^^^, 

where the left square is cartesian, thus defining Ti-'f^^p, and the map p'jj p sends {x,B,L ^ 
M,/3 : M^M' \x-x) to (e',L(-Aix) M'). Here S' = + /i2CT(x)). Write also 

A' = detM'^^(-(Ai + A2)x) and L' = L{-Xix). 
Define the Hecke functor 

HM.A . Y){-^'-^-^Zi) D{X X Bun^ p) 

by 



R^'\K) = (supp xp^ p),(pr* IC^A ®{p'^ prK)[{X2 - Xi) - dimBunc] 



) = \supp A^y^ p;!i,pi J-'-'-j^ 

We normahze it so that (in view of Theorem[T]) it should preserve perversity. The term (A2 — Ai^ 
appears, because the dimension of Bun^;^ p depends on a connected component. So, 



(id xi/p)*H'''^(K)[dim. rel(z^p)] ^H^'-^(z^2-f^[dim. rel(i^2)]) 
We have a commutative diagram 

7<Ai-A2 Pz TT/I^A v P' ?k <Ai-A2 7 

J, 7r2,l i i 7r2,i 

XxBun^p ^^'"^ Wg;'p <Ai-A2 2^, 

where the right square is cartesian. Here is the stack over X x Bun^^^p whose fibre over 
{x,B,0 ^ L ^ M L* 0) is Hom(L2, ^ (g) ^}{ix)), where x = 7r{x). By definition, pz is 

the map that forgets {P, M'). 

Define the Hecke functor H'^'^ : B{^^^-^^Z2) B{Z^^^~^^) by 

H^'^(K) =P2,(pr*IC^A ®(p^)*i^)[(A2 - Al) -dimBunc], (23) 
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it commutes with the functor (7r2,i)!. 

4.2.2 Grothendieck GROUP calculation Set Ki = z/^ Aut^ ^[dim. rel(i/^)] and K2 = 
Wi2{Ki). Remind that Bun^p classifies: B € PicX, L € PicX, and an exact sequence 
O ^ ^? ^ ^ ^ O on X with C = N{B) imdA = VL® C'^. Let cBun^ p C Bun^ p be the 
open substack given by 

2degL + degC + 2(Ai - A2) < O (24) 

The projection cBun^:^ p Bun^^^ ^ is smooth and surjective. We will derive Theorem [1] from a 
description of the complex 

(idxzyp)*H'''^(AutQj^)[dim.rel(z/p)]^H^'^(i^i) 

over X X c Bun^ p. The latter will follow from the Hecke property of K2 for (j23p . 

By equivariance, H'^'^(i^2) is the extension by zero from the closed substack Z^^ ^ Z^^^^'^'^ . 
Write Z'2 C Z^' for the open substack given by the condition that ^ ^ (8) il,{ix) does not 
have a zero at x. Let c^^* be the preimage of X x ^ Bun^ p under 112^1 : Z^^ — > X x Bun^:^ p. 
Set = c^^* n -^l- Set also 

''Y'=p-\,z^,)n{p'z)-\'^z',) 

Let /C* denote the *-restrictiction of H'^'''*(i^2) to 2^2 • '^^^ similarly define the category 
D^(cZ^), then JC' G B^i^Z'^). 

Lemma 7. The complez /C" (resp., 1Q for i < 0) is placed in non-positive (resp., strictly 
negative) perverse degrees. The 0-th perverse cohomology of KP identifies with 

®,W^\^K2)(^{V^nv-^,) l^^o, (25) 

Proof Denote by '^1Q the *-restriction of 

(pr*IC^A ®(p^)*C^K2))[(A2 - Al) - dimBunc] (26) 

to followed by the direct image pz\- Let ^2 act on '^1Q via its action on '^K2 (cf. 3.6.2). We 
are reduced to the following lemma. □ 

Lemma 8. The complez "^lO is placed in perverse degrees < 0. The ineguality is strict for all 
terms except ^IC^. The 0-th perverse cohomology of^KP is S2-equivariantly isomorphic to 1125]) . 



Proof Remind the diagram 



i PZ i <f>2 

cZ\ '^V2 
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The scheme '^Y^ is empty unless i < (Ai — A2) — 2d. 

Assume i < (Ai — A2) — 2d, then the map pz '■ '^Y^ — > Z2 can be seen as a (twisted) projection 

c'2'2 X (Gr(5 r\ ) ^ 

for X' = {\i-d,\2 + d). 

Remind that 7iQ is a twisted product (X x Buiig) x Gr^-, where the projection to Bunc 
corresponds to pc- We have IC::r7A ^ ICxxBunr ^-^Aj where A\ G SphfGrc) is the spherical 
sheaf on Gr^ corresponding to A. 

View c-2^2 ^ stack classifying: x E X, ;B € PicX, an exact sequence O — > L — M — > 
L* C5 ^ ^ O on X, where C ® and (j24p holds, and a section s : — > ^ (8) that has 

no zero at x. Here x = ^[i) and C = N [B). 

View '^y* as the stack over cZ\, whose fibre over the above point is the scheme of pairs 
(M', /3) with M' G Bunc and /3 : M^M' \x-x such that M' is in a position < A w.r.t. M, and 
L C M' is a subbundle. Here L = L{{d — Xi)x). 

View ^^2^2 the stack classifying: S' € PicX, a modification L' C L of hne bundles on X 
with deg(L/L') = d, an exact sequence O — > ^? — > — > O, and a section s : ^ ^' fi. 
Here iV(S') (8)>l'^fi. 

The map p'^ sends the above collection to B' = B{fiix + fi20'{x)), L(— Aix) = L' C L = 
L{{d - Ai)x), s : Z2 ^ ^' fl, and O ^ ^? ^ ^4/ ^ g. Note that ^' = ^(-(Ai + A2)x)^ 

Now it is convenient to think of '^V2 as the stack classifying: a modification L' C L of 
line bundles on X with deg(Z/L') = d, B' G PicX, and a section s : Z^ — > ^' (g) O, where 
N{B')(^A'^n. 

Denote by p'j, : c-2^2 ^ '^^s the map sending the above collection to B' = B{fiix + iX2cr{x)), 
L{—Xix) = L' C Z = L{{d — Ai)x), and s : L"^ —>■ A' ® O,. It fits into a commutative diagram 

cZ'2 ^ ''^2 

If Z < O then by ([6], 7.2.7(2)) the map 

''xop'z:Zlx{G-v^cnS'')^A' 

identifies with 

X (&^ n 5^') Al X Al Al, 

where v = {O, i), and is the notation from loc.cit. By Theorem 1 from loc.cit., the complex 

Rr,(Gl'Gns^',Ax®{xt'rc^) 

is placed in degree (2A', /5) = Ai - A2 - 2(i and equals Uom^iV^ (g) y, y+-^'). 
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A connected component of '^Y^ maps to a pair of connected components of '^Z!^ and • ^'^^ 
such pair of components we have 

dim - dim ^^^^ = 1 + Sd + z + 2(A2 - Ai) (27) 

The *-restriction of (|26|) to "^y* identifies with 

((p^)*C^T) ® \*C^MAx ^ {Xur^^ I(>^n5^')[^ + - Al) + dim.rel(,/.2)] 

The condition ()24p garantees that, over p^C^^*)) the complex '^K2 is placed in the usual coho- 
mological degree —d — dim^^^^. Using (j27p . we learn that "^/C* is placed in usual cohomological 
degree — dvaicZ^ Since i < O, it is placed in perverse degree < O, and the inequality is strict 
unless i = 0. 

For i = O we have Y^ova^iV'^ , ) = O unless A = A'. So, only ^KP contributes to the 0-th 
perverse cohomology of KP . 

It remains to analize the 0-th perverse cohomology of the *-restriction of under p'j, : 
Z2 — > ^V2- We have to consider the space of sections t : 7r*L' — > {B')*, that is, 

t:-K*L^ B* (g) %((Ai - fii)x + (Al - Ai2)o-(f)) 

such that Nt : — > ^ (g) O has no zero at x. This means that t : ■k*L B* ^ Q,j^{ax — aa{x)) 
for some a G Z such that 

ax — aa{x) < (Ai — /ii)x + (Ai — H2)cr{x) 
as divisors on X. Our assertion follows. □ 

Remark 5. In the above proof we have that i — dmicZ\ = — dimc^2 does not depend on i, so 
that H''''^(K2) I 7<o is placed in the usual cohomological degree — dimc^^o- 

Lemma 9. The complex ]i'^''^{Ki) over X x ^ Bun^ p is placed in perverse degrees < O, and its 
0-th perverse cohomology identifies with 

Proof The intersection of a fibre of cBuiip^ — > Bun^ ^ with each connected component of 
cBuUp is either connected or empty. So, by PropositionlU Ki is an irreducible perverse sheaf 
over each connected component of cBuUp^. 

Let c^2 be the preimage of cBuUp^ under 7r2,i : ^Z2 Buup^. By Proposition HJ K2 is 
an irreducible perverse sheaf over each connected component of ^^2- So, if z/ is a coweight of 
GO2 that vanishes in vri(G) then il'^'^{K2) is an irreducible perverse sheaf over each connected 
component of cZ^^. 

The functor (vr2,i)! : {Z2) D(-2i) is exact for the perverse t-structures (and commutes 
with Hecke functors). Our assertion follows now from Lemma [71 □ 
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Proof of Theorem [1] 

Remind that the Hecke functor (j20p commutes with Verdier duality. Since Aut^ is self-dual, 
our assertion follows from Lemma[9l 

The S'2-equivariance statement from Lemma[8]combined with ([10], Remark 3) imply the last 
assertion about generic and special parts. Indeed, for L G Y'\cX,B € PicX and L' = L{—Xix), 
B' = B{nix + fi2x) we have xiL' tt*B') - x{L ® vr^^B) = A2 - Ai. □ 

4.2.3 Let us derive from Theorem [T] that Fg commutes with Hecke operators. As in B. 1.3, for 
^ = (/ii,/X2) G Ae we have a Hecke functor H^ : D(Bunj^) — > T){X x Bun^^). It is given by 

H^(i^) = {p'f^rm 

for the map : X x Bun^ Bun^:^ sending (i, S) to B{—fiix — fi20'{x)), here B € FicX. 

Corollary 4. i) For the map vr x id : AT x Bun^ ^ A x Bung and a dominani coweight X of G 
we have an isomoprhism of functors 

X id)*oH^oFG^ e^(idKFG)oH^0(y^)*(^) (28) 

from D(Bunj:^) to D(A x Bunc). This isomorphism is compatihle with the action ofT, = {l,cr} 
on both sides. It is understood that S acts on ®u H^, (V^'^)*(/^) via the isomorphisms l6l\). So, 

H^ o Homs(triv, e^(7r x id), o (id^Fc) o H^ ® {V^y{^l)) 

Here \dMFQ is the corresponding functor D(A x Bun^^) T){X x Bunc). /f Ai — A2 is even 
then /i28\) preserves the generic and special parts of Fg, otherwise it interchanges them. 
ii) If K is an automorphic sheaf on Bun^:^ corresponding to a rank one local system E on X 
then Fg{K) € D(BunG') is an automorphic sheaf corresponding to the local system {■k^.E)* . 

Proof i) Take fi = (/ii,0) with fii = Ai + A2. Consider the diagram 

X xBun^(^ <— "i? G ~^ '^^^H G ~^ Bun^ 

iidxp i I p 

X X Bunc X Xx Ti-G Bunc, 

where both squares are cartesian. By Theorem [H for K G D(Bunj^) we get an isomorphism 

®^ (id xp)!(H'^'°(Autg j^) ® {V^)*{u - /i) (g) B-J^{K))[-1 - dimBun^]^ 

e, (idKFG)H^-^(K) ® {V^riu - fi) 

The assertion about generic and special parts also fohows from Theorem [TJ □ 



(vr X id)*H^FG(if) 
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CoroUary 5. For the map vr x id : X x Bun^ ^ X x Bun^ and a dominani coweight X of G 
we have 

(^xid)*o(idKF^)oH^^ (Bf,}i'ioF^(g){V^){-fi) (29) 
This isomorphism is compatible with the action ofT, = {1,(t} on both sides. So, 

(idKF^) o H^^ Homs(triv, 0^ {tt x id), o o ^ {y>^)^-^)) (30) 

Here idMFf^ : D(X x Bunc) — > D(X x Bun^) is the corresponding functor. i/ Ai — A2 is even 
then /i29\) preserves the generic and special parts of Fjj, otherwise it interchanges them. 

Proof For a coweight fl such that A — /i vanishes in vri(G) we have a commutative diagram 

T3 p'g T/^ 07/^'^ ''"pp''p'h,g ^ idxq ~ 

BuriG ^ Hq ^ '^HG ~^ X X BuUfj A x Bun^ 

J, supp xpG i supp xpjj_g ^ id xp^ 

X X Bunc XxBun^^ X x Bun^, 

where the left square is cartesian. Here supp x p'- sends {x,B, M' \x-x) to {x,M',B') 

±1 

with B' = B{fiix + jl2(y{x)). The map p'^ sends {x,B') to B'{—Jlix — fl20'{x)). 
In this notation we have 

jj-A,-«'o(A)(^) — (g^pp xp'^^^),(IC^^,. 0p^^^E:)[-dimBun^ g] 

So, for K E D(BunG) the above diagram yields an isomorphism 
(tt X id)*(idKF^)H^(if)^ 

(id xp'^), (id X q), (H-^'~"'o(^) (Aut^^^) ^ p* K) [- dim Bung] (31) 

By Theorem[Tl 

jj-A,-«;o(A)(Aut^^^):=J H^'0(Autg_^) (g) (F-""'W)*(z. + fl) 
So, the RHS of §B) identifies with e^R-^'-" Ffj{K) ®V^{iy + fl). □ 

4.3 Remind that Sp classifies: L G Buni,^ G Buni and A ^(g) Jl. We have open immersion 
jd ■ PicX X X^'^^ ^ Sp sending {L, D) to L,A = (g L'^{F)) with the canonical inclusion 

Definition 7. Let ii^ be a rank one local system on X. Remind that AE denotes the cor- 
responding automorphic local system on PicX (cf. Definition [5]) . Set E = n^E. Define the 
perverse sheaf Eh G P(Bun//) by 

Eh = /0_f/!^-E'[dimBuni^] 
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Lemma 10. For d > O we have canonically 

j*aFs{EH)^AN{E*) M (E*)^'^^ ® AN (E) n[dim S p] 

Proof The stack p classifies: B € PicX, L E PicX, and a map t : L®tt^B —s- Vt. The datum 
of t is equivalent to a datum of t : 7r*L — > We have C = N {B). 

Let pv be the composition p —s- V//,p ^ 5p, it sends the above point to (L, A = 
n ® s), where s : — > ^ (8) ^2 equals the norm of t. We have a cartesian square 

i id X7r J, Pv 

where jy^^ sends {L, D) to L,B = {tt*L{D))* with the canonical inclusion t : 7r*L ^ i3*. We 
have canonically 

jl,^aq*yAE^AN{E*) m {E*Y^^ ® AN{E)n 

Our assertion follows by i) of Lemma [H □ 

Since Pic'^^ is connected, the covering pn ■ Pic'^X — > Bun^ is nontrivial, and A/" is a 
nontrivial local system on each Bun^. 

Lemma 11. The foUowing conditions are eguivalent: 

• E is irreducible 

• E does not descend to a rank one local system on X 

• AE does not descend with respect to Pic X ^ Pic X 

• the local system pH\AE on Bun// is irreducible. □ 

Definition 8. For an irreducible rank k local system W ot].X denote by Autvy the corresponding 
automorphic sheaf on Bun^ normalized as in [6]. By loc.cit., if A is the dominant weight of the 
Standard representation of GL^ then IiQ-^^{Autw)-^W* Kl Autvi/[1]. 

Remind the normalization of AutvF for k = 2. The map up : Bunp — > Bunc sends O — > 
^7 ^ O to M (included into O ^ L ^ M ^ L* ^ A ^ 0). First, one considers the 

complex, say ICw, on PicX x X^^'^ whose fibre at L, D is 

{AdetW)L^n'^ (S)Wi^\dimSp] 

Then Fom,^{{jd)\JC\Y) identifies with z^p Auti4/[dim. rel(z/p)] over the components of Bunp for 
which deg(^ ^ O,) > 2degL. The sheaf Autvy is perverse and irreducible on each connected 
component of Bun^. 
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To fix notation for Eisenstein series, denote by Bunp the stack classifying M G Bun2,L G 
Pic X and an inclusion of coherent sheaves L ^ M. Write Bunp*^^ for the connected component 
of Bunp given by deg L = di and deg M + deg = 2di + d. We have a diagram 

PicX X Pic X 2^ B{Ep 55 Bunc, 

where qp sends (L C M) to {L,L^^ Cg) detM), and pp is the projection. For rank one local 
systems Ei , E2 on X set 

Auts,ei?2 = (^^2)^^ iPp)\^*pi^El M AE2)[dimB^p] 

This normahzation is compatible with the above in the following sense. If Ei and E2 are not 
isomorphic then Fom.ii,{{jd)\*ICEiisE2) descends (over some open substack of Bunp) to AutEiisE2i 
and we have the functional equation AntEi<sE2 ~^ A.utE2S>Ei (cf- [I]). Write 

AutEi(BE2 ©(d,di)GZ2 Aut^l^^^;^, (32) 

where Aut^''^ is the contribution of Buup"'^ . 

Remind the map a p : Bunp ^ Pic X sending O Sym^ L ^7 A O to L. Let °5p C Sp 
be the open substack classifying inclusions ^ >i (8> with L,A& PicX. 

Proposition 6. 1) If E is irreducible then, over the connected components o/ Bunp given by 
deg L < O, there ezists an isomorphism 

Fp^^{EH)^VpAvitE* (8)(A^o)q «) a|,>l£:o[dim.rel(z^p)] (33) 

So, (0) gives rise to an isomorphism of perverse sheaves on Bun^ 

Fg{Eh) ^ AntE' ®{A8Q)n (34) 

2) Assume E = Then over the components of Sp given by deg{A0^) — 2 deg L > 3g — 3 the 
sheaf Fs{Eh) is perverse, the Goresky-MacPherson extension from^Sp. Both [33jl (for deg L 
small enough) and jg^D remain valid, where now E^ Qi (B So- 

Proof 1) Since N\{AE) = O, our assertion follows from Lemma [10] combined with Corolarydl 
2) The components of Vfj p given by deg B + 2 deg L < O are smooth (this is where the connect- 
edness of X is essential!) The fibres of N : PicX —s- PicX are of dimension 17 — 1, so over the 
corresponding components of <Sp the map py : Vfj p — > S p is small. The first assertion follows. 
The second one is obtained from Lemma [TOl □ 

Remark 6. i) Proposition [6] implies that the constant term CT p^Awi^^^^^) is essentially the 
cohomology of the Prym variety (cf. A.l). 

ii) The formula (j34p for E = \s a. version of the classical theorem of Siegel (its proof given 
by A. Weil can be found in [20j, a version proved by Waldspurger is found in ([19], Sect. 1.5, 
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Proposition 2)). 

iii) If E = Qi then S = {l,cr} acts naturally on Eh and, hence, on Fg{Eh). Let S acts on 
Aut£;p^Q^ via ([3^ . The cr-invariants of Aut^-^^^^ are (Bd,di ^^^^g'eO^' {d, di) € 
with di even. 

iv) The stack Bun^^^ XBunG Bun^-,^ sphts as a disjoint union of the open substacks UU^, 
where U"" is given by the condition that Bi <8> G Bun^^ for a point {81,82 € PicX,M € 
Bun2, A^(ei) ^ detM^N{82) ® detM^Q) of Bun^-, ^Bnna ^'^^g,h (^f- A.l). So, the re- 
striction of Fg{Eh) under Bun^ ^ — > Bun^ is naturahy a direct sum KP®K}, where /C^ is the 
contribution of U"". If £^ = Q£ then (j32p is not a refinement of the decomposition KP (B K}- 

To see this, consider the hne bundle 5^^*^^ on X^'^\ the d-th symmetric power of £. Its tensor 
square is canonically triviahzed, so it defines a /X2-torsor ^ A fibre of the latter 

map over can also be seen as the set of connected components of the stack of pairs 

{8, k), where B € PicX, k : N{8) — > 0{D). The restriction of the covering X^'^^ XW under 

vr : X^'^'> has a distinguised section, and 7r^{Qf^) \^xW ® -f^S where K° is the 

contribution of the distinguished section. 

Remindthat (O^e^^o)^'^^ ^ ef=o(symfc,d-fc)!(Q£^'^o"'~''^)> where sym^^^.fc : xW xX(^~^) ^ 
is the sum of divisors. So, 

but the RHS is not a refinement of the decomposition of the LHS. 
4.4 LocAL Rankin-Selberg type convolutions 

4.4.1 Remind the fohowing Laumon's construction for GL2. Let Bun2 be the stack classifying 
M G Bun2 with nonzero section M. To a local system E on X one associates a complex 
Laurng on Bun2 defined as fohows. 

Let Q be the stack classifying cohections (Li C L2 C M) with Li^Vt, L2/ Ox^ where 
L2 C M is a modification of locahy free O^-modules of rank 2. Let evQ : Q ^ be the map 
sending the above point to the class of O ^ Li ^ L2 — > L2/L1 — > 0. Let (\q : Q ^ Shg be the 
map sending the above point to M/L2, here Shg is the stack of torsion sheaves on X. Write Ce 
for Laumon's sheaf corresponding to E ([6]). Let Pq : Q ^ Bun2 be the map forgetting L2. Set 

Laum^; = Pq\{(\*qCe ® ewg£^)[dim Q] 

Consider the map q' : Bunp ^ PicX x Bun'a sending (L C M) to (L (g) C M (g) (g) Q). 

For local systems E, Ei on X, where Ei is of rank one, set 

LaumE,Ei = {AEi)q {([')* {A{Ei ®detE) K Laum£;)[dimPicX] 

Let Laum^*^^^ denote the restriction of Laum^;^^;^ to the connected component Buup'^^of Bunp 
given by degM + degO = 2di + d and degL = di. Remind the projection p p : Bunp Bun^j. 
By ([6j, 7.9), for E irreducible and d > O we have 

Laum^^^^ ^pp Aut£;[dim. rel(pp)] 
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over Bunp , and 

p P iLaum^;,^;^ ^ Aut Eiis)Qe ^^^E [- dim Buiig] 

Denote by 

mult'^''^i : Pic^^ X X J^^"') ^ Pic^'^^+^l 

the map sending {L, D) to {■k*L){D). Note that mult'^''^^ is a (representable) Galois 52-covering 
over its image, the corresponding automorphism of Pic^^ X sends L to L®E. Let e : Pic X ^ Pic X 
be the involution sending B to B* . The fohowing is closely related to the main result of |12| . 



Theorem 2. For any /oca/ systems E,Ei on X with vk{Ei) = 1, rk(S) = 2 there is an isomor- 
phism 

F^(pP!Laum^^^J^(Adet£;)f^-i a, multf''^^ {A{det E (g) Ei ® £o) M {n* E)^'^'^)[d + g - 1] (35) 

depending only on a choice of If d is even (resp., odd) then ^ (resp., ^) sends 

pP iLaum^'^J,^ to zero. In particular, for E irreducible we have 

Fj^(Aut£;^g5Q^ (g) Autij) ^ 

®d>o {Adet E)^-i (g) ei multf''^' (^(det E(g)Ei(g>£o)m [tt* E)'^'^'^)[d + g-l + dimBun^], 

where di is a function of a connected component of Bun^^ given by 2di + d = deg(jB*) for 
B G Bun^^. The sum is over d > O such that di € Z. 

Remark 7. Write s" : X^''^ x ^('^-^a) _^ ^{d) f^^, sending (D, D) to 7r*L> + D. For any 

rank 2 local system E' on X the sheaf {Tr*E)^'^^ admits a filtration with succesive quotients being 

sf((detE)(") K7r*(E('^-2a))^ 

for O < a < |. This follows from the fact that for a 2-dimensional Q£-vector space E we have 

Sym'^+'' E (S) Sym" E^ e^o (det E)'^' O Sym2''+^-2^ E 

On the other hand, the complex ppiLaum^'^^^ has a filtration indexed by a > O coming from 
a stratification of Bunp. The corresponding stratum of Bunp is given by the condition that 
there is a divisor D G X^'^^ such that L{D) C M is a subbundle. One may check that the 
corresponding graded of the left and the right hand side of ([351) coincide. 



4.4.2 Following [6], for a local system E on X denote by Av^ : D(BunG) D(BunG') the 
following averaging functor. Let Mod2 be the stack classifying a modification M C M' of rank 2 
vector bundles on X with deg(M'/M) = d. Let s : Mod2 Shg be the map sending this point 
to M' /M. We have a diagram 



BuuG ^ Modi ^ Bunc, 
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where p (resp., p') sends (M C M') to M (resp., to M'). Set Ay%{K) = p',{p*K ® /:|)[2d](d). 
By ([6j, 9.5), for an irreducible rank 2 local system W on X we have 

Av|(AutvF) ^ AutvK ® Rr(xW, (g) iy*)W)[(i] 

Write 5d for the symmetric group on d elements, set S'^ = Autj^d(X'^). We have a semi-direct 
product S*^ XI Sd acting on X'^, it fits into an exact sequence 1 — > S'^ ^ S'^ xi ^ S'd ^ 1. For 
a dominant coweight A of G the functor 

o...oR>i^<g> iV^){-fii) ® . . . ® (F^)(-Md) 

is naturahy a functor from D(Bunj:^) to the equivariant derived category D^'*^'^'*(X'^ x Bun^:^). 
So, we can introduce the functor 

(H^^^)^'^ : D(Bun^) - D'-{X' x Bun^) 

given by 

(H^^^)^'^ = Homs.(triv, (n x id), 0^,,...,^, H^^ o . . . o H^'' ® (^^)(-m) ® • . . {V^)i-f^d)), 

where by abuse of notation we have written vr x id : X'^ x Bun^ — > X'^ x Bun^ for the projection. 

For a local system E' on X let Av^ : D(Bunj:^) D(Bunj^) denote the averaging functor 
given by 

Av|(K) = Hom5,(triv, (pr2)!(pr]: E^'' ® (H^^^)^'^(K)), 
where A = (1, 0), and pr^ are the two projections from X'^ x Bun^ to X'^ and Bun^;^ respectively. 
Proposition 7. For any local system E on X we have a canonical isomorphism of functors 

F^oAv|^Av|oF^ 

from D(BunG) to D(Bun^). If d is even then this isomorphism preserves the generic and special 
parts of Fjj, otherwise it interchanges them. 

Proof Take A = (1,0). By (^, 1.8), the functor (H^)^'^ maps D(BunG) to the equivariant 
derived category T>^'^{X'^ x Bun^). We have a canonical isomorphism of functors from D(BunG') 
to itself 

Avi ^ Homs,(triv, (pr2)!(prt E^'' ® {^hf")) 

where pr^ are the two projections from X'^ x Bun^ to X'^ and Bung respectively. Applying ()30p 
d times we get a S'rf-equivariant isomorphism 

(idKF^)o(H^)^'^^(H^^^)^'^oF^, 

where id ^F^j : T>{X'^ x Bun^) — > D{X'^ x Bun^:^) is the corresponding functor. If d is even then 
this isomorphism preserves the generic and special parts of F^^, otherwise it interchanges them. 
Our assertion follows. □ 
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Proof of Theorem [21 

Step 1. Case d = 0. Let Xi be the stack classifying L G Pic*^^ X,B (z PicX, and an isomorphism 
^ : LP' ® VL^ , where C = N {B). We have a diagram of projections 

Pic"^! X ^ ;fi ^ Picl, 

where qi (resp., pi) sends the above point to L (resp., to B). 

Let px : X ^ Xi denote the stack whose fibre over a point of Xi is the stack of exact 
sequences of O^-niodules 

O ^ L ^ M ^ L ^ O (36) 

Consider the diagram 

Bunpj Bunp^ X A^, 

where evx is the map sending a point of X to the class of ([36|) . and qx sends a point of X to 
the collection {L C M,B, ^ -.C detM^n) with C = N {B). Using ® and Corolary^we get 

Fg{ppiLanui'E%^)'^ {Adet E)^-i ® vv.{vx\{q*xT*pSp,^ ® ev\L^) ® (tiK^i ® det-E (g) £Q))\b\ 

where h = dimBunsOj ~ dimBunpj, here dimBunpj is the dimension of (the unique) connected 
component of Bunpj containing Tp{qx{X)). 

Consider the map si : Pic*^^ X ^ Xi sending L to the collection {L,B,^), where B = {-k* L)* 
and ^ : Lp' ®C^VL^ is the natural isomorphism with C = N (B). The diagram commutes 

Pic'^i^ ^ Xi ^ PicX 

\ id T U 

Pic^iX """"'f Pic^''^! 

Remind that 5*2 acts on Sp^^ (cf. 2.1). By definition of Sp^^, we get a S'2-equivariant isomorphism 

si]Qe[9 - l]'^Px\{q*xTpSp,jij (S) ev%:C^)[b] 

Note that si is a (respresentable) 5'2-covering over its image. We have a 2-automorphism r] 
of the identity functor id^-j acting on {L, B, S,) as —1 on L and trivially on B. Since r/ acts as 
— 1 on Hom52(sign, si !Q£) and trivially on qlA{Ei 0detE iSiSo), it follows that 

Pii{qlA{Ei det E £o) (^Boms^isign, siiQe)) = O (37) 

We have used that Rrc(-B(^2)5 W^) = O, where W is the nontrivial rank one local system on 
B(n2) corresponding to the S'2-covering SpecA; — > B{fj,2). 

Note that the genus of X is odd. For a point of X as above, we have x{L ® tt^B) = O 
mod 2. By ([lOj, Remark 3), we get (Sp^^)'^^^ Sp^^^g over the connected component of Bunpj 
containing Tp{qx{X)). From ([37|) it follows that ^(ppiLaum^'^J.J = 0. So, 

F^^^(pP!Laum^^J,J^ (^detF)f^-i (g) ei mult°''^' A{Ei ^detE® £o)[g - 1] 
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Step 2. For d > O we have Av^(p!Laum^'^^^) — > Laum^'^^^. By Step 1 and Proposition [71 we 

get 

FfjippiLaumj^'^^J^ {Adet E)q-i ® Av%{e\ inult?''^' A{Ei 0detE^ £o))[g - 1] 
It is easy to check that for any K € D(Pic'^^ X) we have 

Ay%{o mult?''^^ K)^ei multf''^'{K M {n* E)^'^^)[d\ 
Our assertion follows. □ 

5. The case H = GO4 
5.1 Keep the notation of Sect. 3 assuming m = 2. 

Remark 8. Given /c-vector spaces Vi,V2 of dimension 2, we have a canonical symmetric form 
Sym2(Vi ® V2) det Vi (g) det V2. One may get a compatible isomorphism 

7^1,^2 : det(¥L V2) ^ (det Vi (g> det 

as foUows. Denote by St (resp., det) the Standard (resp., the determinantal) representation 
of GL2. Fix an isomorphism 7st : det(St Kl St) ^ (det Kl det)^ of GL2 x GL2-representations 
compatible with the above symmetric form. It yields the desired isomorphism as fohows. Given 
Vi pick an isomorphism of vector spaces bi : St and define 7Vi,V2 by the commutative 

diagram 

det(yi0y2) ^"^^^ (det ^1 det 1/2)^ 

det(StKSt) (detKdet)2 
Then Jviy2 does not depend on bi. We have 71/2, Vi = ~7Vi,V2- 

Denote by Bun^ the stack of rank k vector bundles on X. Denote by p : Bun2 — > Bun^;^ 

the map sending W to (y, C,Sym^y C, 7), where V G Bun4 is the descent of VF ^ (7*W 
equipped with natural descent data, C = A^(detTy), and h is the descent of the canonical 
symmetric form Sym^(Ty (g) a* W) —)■ det W ® a* det W. The compatible trivialization 

det (VF fT*Ty) ^ (det W a* det W f 

descends to 7 : (E> det £. The map p is smooth and surjective. 

Another way to spell the same construction is as follows. We have an exact sequence 1 — 
GL2 X GL2 GO4 — > 1, where the first map sends x G Gm to (x,x~^). Then we can 
think of the automorphism a of GO4 chosen in 3.1 as an automorphism of this exact sequence 
permuting the two factors of GL2 x GL2. The corresponding twisting of this exact sequence by 
the S-torsor n : X ^ X gives an exact sequence 1 ^ C/tt — > tt^ GL2 ^ H ^ 1. 

We have Bun,r, GL2 ~^ ^'^^2X- '^^^ stack Bun^/^ classifies: B G PicX equipped with an 
isomorphism N (B) ^ O. The above map p is the extension of scalars under vr* GL2 — > H. Write 
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also a for the automorphism of Bun^ sending (V, C, Sym^ V ^ C,j) to (V, C, Sym^ F — > C, —7). 
Then the following diagram is 2-commutative 

Bun2 ^ Bun ^ ^ Bun/^ 

i O"* i O" PH 

Bun^^ ^ Bun^ 

Let Bun^ C Bun2 be the substack given by deg W = d. Remind that Bun|^ is given by 
deg C = d. For X connected the irredicibihty of Bun^^ and surjectivity of p imphes that the 
stack Bun^ is irreducible, so is a nontrivial local system on each Bun^ in this case. 

Let E be an irreducible rank 2 local system on X. Let Aut^ be the corresponding automor- 
phic sheaf on Bun2 normalized as in [6J (cf . also Definition [8|) . We fix a rank one local system 
X on X and an isomorphism tt*x~^ detE. This provides a descent data for Aut^ for the map 
Bun2 Bun^:^, so we get a perverse sheaf, say ^ ^ on Bun^. 

For X connected the group stack Jiunu^ has two connected components (cf. A.l), write 
Bun^^ for its connected component of unity. 

Definition 9. The quotient of Buug by the action of Bun^^ is a /i2-torsor over Bun^, we 
denote by SM the corresponding local system (of order two) on Bun^. We refer to it as the 
spinorial norm. 

We have xH® x®£o H- central character of ^ ^ is x- 

The local system -k^E* is equipped with a natural symplectic form A^(7r=Ki?*) X~'^i so gives 
rise to a G-local system Eq on X, where G = GSp4 for n = 2. 

If X splits then we fix a numbering of connected components of X. Then E becomes a 
pair of irreducible rank 2 local systems Ei,E2 on X. We get Buug ^ Bun2 x Bun2 and 
Aut^ = Aut^;^ Kl Aut£;2 • The descent datum for det£' becomes detii^i^ det£'2^x- For X 
split we have an exact sequence O — > Z/2Z — > tti(H) ^ Z — > O, and Bun^ has two connected 
components Bun^ for 9 G X~^(d). For d odd the stack Bun^ is connected and the covering 
Ph '■ Bun^ Bun^ splits. For d even Bun^ has two connected components Bunf^, 9 G X~^{d), 
and the covering pH '■ Bun^ Bun^ is nontrivial. 

If E is an irreducible rank 2 local system E on X such that n* E is irreducible then the 
perverse sheaf K^,^ ^^^^ has natural descent data with respect to pn '■ Bun^ Bun//, thus 
defining a perverse sheaf Ke, h on Bun//. Remind the local system So on X (cf. 3.1). 

Conjecture 2. If n = 2 then we have the following. 

1) If E does not descend with respect to X ^ X then Fg{ph\K^ ^ G D(BunG') is a cuspidal 
automorphic sheaf on Bun^ for Eq. (For non connected X our assumption says that Ei, E2 are 
non isomorphic irreducible rank 2 local systems on X eguipped with deti?i^ deti?2y'- 

2) If E is an irreducible rank 2 local system on X with tt*E irreducible then we have two cases. 
If there is an isomorphism E^ E £q on X then Fg{Ke,h) G L)(BunG) is isomorphic to the 
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geometric Eisenstein series (for the Siegel parabolic ofG), otherwise it is a cuspidal automorphic 
sheaf on Buncj for Eq. (In particular, for X non connected we get an Eisenstein series this 
way). 

Question. In case 2) of Conjecture[2]for connected X what about Fg{Ke,h <8> A^)? 

5.2 In the rest of Sect. 5 we assume in addition n = 1. Let E be an irreducible rank 2 local 
system on X. Assume that its restriction E = tt*E is still irreducible. 

The fohowing is a geometric version of a theorem of Shimizu (^19j, Theorem 1), it also an 
argument supporting Conjecture[T]in the case n = l,m = 2. 

Proposition 8. For X split we have F^{AutE*)—iA(detE)Q ^ e £o<»det E H ■ This isomor- 
phism depends on a choice of 

Proof 

Step 1. Let jd '■ Bun2 xX^'^^ ^ Sq be the open immersion sending {L, D) to L,C = A^L ^ 
i}^^{D) with canonical inclusion A^L C ^ ^l. Let Sq be the open substack of Sq given by 
deg(C (g) fi) — deg L = d. We claim that 

FsAkuiE*) \s'i ^jd!(Autij^^('^))[a!] 

Remind the stack W^. g classifying M G Bun2,L G Bun2 and t : L ^ M* O. Let 
Q ^ Q open substack given by the condition: t : L ^ M* (g) is an inclusion. 

From cuspidality of Aut^;* it follows that only '^Wg g contributes to Fg -{Pm^e*) so the 

latter is extension by zero under j^. 

Let e : Bun2 Bun2 be the involution sending M to M* Q. Then e* Autg ^ Aut^* 
canonically. Our assertion follows from Hecke property of Aut_E. 

Step 2. The map : Buug Bun^ sends (L G Bun2,0 l\^L ^ 14 ^ C ^ 0) to 
y = L* (g) Vi with symmetric form Sym^ V ^ C. From Step 1 we get 

v*^F^{kniE')^A{<l^lE)^ ® ^^3^E,deti?,H 

There is an open substack ^ Buug C Buug with the following properties. The projection 
Buug — > Buuj^ is smooth and surjective with connected fibres, and v*^K^ ^[dim. rel(fg)] is a 
perverse sheaf over ''Buug. Our assertion follows. □ 

Note that Proposition [8] (at least the corresponding non canonical isomorphism) would also 
follow from Conjecture [TJ We conjecture that Proposition [8] remains valid for X nonsplit. 

6. Bessel periods for GSp4 
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6.1.1 Keep the notation of Sect. 5.1. In Sect. 6.1-6.2 we assume n = 2. Remind the stack Sp 
classifying L G Bun2, .4 G Buni and Sym^ L ^ A ^ Q. Denote by S p C Sp the open substack 
given by 

2 deg(^ 17) - 2 deg L = r 

Let C be the open subscheme classifying divisors xi + . . . + Xj. on X with 

Xi pairwise distinct. Let ^^^Sp C S p be the open substack given by the condition that L ^ 
L* (g)A(S>n and dw{L* (g) A® n/ L) e . Set 

RCOV^' = PicX XpicX ^^^X(^), 

where the map '^'^^X^^'^ PicX sends D to O (—D), and PicX — > PicX takes a line bundles to 
its tensor square. It is understood that ^'^^X^'^^ = SpecA:. 

We have a map pi : ''**5p —f RCov'^ sending the above point to £^ = {A(E> (S' det L with 
the induced inclusion S'^ ^ Ox- 

Lemma 12. ([H], 7.7.2) For r > O the stack RCov^ classifies two-sheeted coverings </> : y — > 
X ramified exactly at Dx G "^'^^^('r) i^ufi y smooth. The stack ^^^Sp identifies with the one 
classifying collections: Dx G ^^^x^^'\ a two-sheeted covering (p -.Y ^ X ramified exactly at Dx, 
and B G PicF. □ 

The Identification in Lemma [12] sends B G PicY to L = (jy^^B with symmetric form Sym^ L 
N(B)^ A®^- Note that s admits a canonical section N{B){—Dx) ^ Sym^ L, which is a vector 
subbundle of Sym^ L. Let qi : ^^'^Sp Bun2 be the map sending {L, A, s) as above to L. 

Lemma 13. For r > 4{g — 1) the map qi : ^^^Sp —>■ Bun2 is smooth. 

Proof Since the projection '^^^Sp — > RCov^ is smooth, the stack '^^^Sp is smooth. Since Bun2 is 
also smooth, it suffices to show that the fibre of qi over a field-valued point L G Bun2 is smooth. 

Let us calculate the tangent space to the fibre of qi at a point (L, A, s). Write for brevity 
C = A O,. Let K denote the cokernel of O ^ C (8) Sym^ L*. The sheaf K is locally free. The 
tangent space in question identifies with Il^{X,K). We claim that il^{X,K) = 0. 

Indeed, suppose {L, A, s) is given by a collection: a two-sheeted covering (f) -.Y ^ X ramified 
at Dx G and a line bundle B on Y. So, L^(p,B and s : Syrn^ L C^NiB) is the 

natural symmetric form. Let Dy G ''***y('') be the ramification divisor of (p, so Dx = (p^^Dy- 
Then Sym^ L is included into a cartesian square 



T T diag 

■2 

Dy 



Sym^ L ^ B^ 



Let cj0 be the nontrivial automorphism of Y over X. We have K* ^ (j)^{B (^^ a*^B ^{—Dy)). So, 
YL^{X,K* ®Vl)'^Yi^{Y,4>*n(^B®a*^B-^{-Dy)) = O, because the degree of the corresponding 
line bundle on Y is 4:{g — 1) — r < 0. 
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As qi is separable, and the dimensions of the tangent spaces to the fibres are constant, qi is 
smooth. □ 

Fix a two-shcctcd covering (f> : Y ^ X ramified at Dx € '^^'^X^^\ Write cj^ for the nontrivial 
automorphism of Y over X, and S^p for the a^-anti-invariants in (/)*Oy, it is equipped with 
£^^0{—Dx)- Write Dy G Y^'^^ for the ramification divisor of (f), so Dx = 4>*Dy- Remind 
that (j) is recovered from {£(f„Dx) as Spec(Ox © £^<^), where the structure of a 0x-algebra on 
Ox®£^is givenhy £l^Ox. 

Remind the stack Bun^/^, its connected components Bun^^ are indexed by a G Z/2Z (cf. 

A.l). Let °Bun[/^ C Bun;/^^ be the open substack given by H°(y, V ® 4>*0.) = O for V G Bunu^ 
equipped with N{V)^Ox- 

Lct *^Picy be the prcimagc of ^Bun^/^ under e<^ : Picy — ^ Bunj/^ (cf. A.l). Denote by 
01 : Pic Y Bun2 the map sending B to 4>^,B. 

For 5 = O we have °Bun[7^ = Bun^/^. If 5 = 1 then ^Bun;/^ C Bun^/^ is given by the 
condition that V is not isomorphic to Oy- 

Lemma 14. i) If r > Ag — 4 then ° Bun^^ is nonempty for each a G Z/2Z. So, the intersection 
of ° Pic Y with each connected component of Pic Y is nonempty. 

ii) The restriction of (pi : Pic Y — ^ Bun2 to the open substack ^PicY C Pic y is smooth. 

Proof i) Write Ker iV for the kernel of the norm map N_ : Pic y — > Pic X (cf. A.l). Let ^ Ker iV 
be the open subscheme given by H°(y, V (8) 0*0) = O for V G Ker TV. Then °Bun[/^ is the 
preimage of '^KeriV under the projection Bun^/^ KeriV. 
Let Z denote the preimage of il'^ under the map 

X(49-4) -> PicX sending D to 0{D). Here 
Pic X is the Picard scheme of X. Let Z' be the preimage of Z under : y(49-4) ^ 
We have Z' = $for g = O, Z' = Spec k for g = 1, and dim Z' = 3g - 4 for g > 1. Then ^ Ker TV 
is the complement to the image of the map Z' —>■ Ker TV sending D to {(f)*Q~^){D). Since each 
connected component of KeriV is of dimension (7 — 1 + |, our assertion follows. 

ii) Since both ^ Pic Y and Bun2 arc smooth. it sufiiccs to check that for B €^ Pic Y the natural 
map Hi(y,0) ^ R\X,£nd{(p^B))^R\Y,B0(j)*{i(j)^B)*)) is surjective. We have a cartesian 
square 

0{Dy)®^{Dy) ^ OiDY)/0®0{DY)/0 

T ' T 

B0(l)*i{<P*l3)*) ^ OiDY)/0, 
where the right vertical arrow is the diagonal map. This yields an exact sequence 

O^Oy^B® ^*{{<t>.By) ^ -4^{Dy) ^ o 

We have Yf^{Y, B{Dy) ® a*B-^) = R^{Y, (P*n a*B B'^)* = O, because ^ G ° Bunj/^. We 
are done. □ 
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Our purpose is to study the *-restriction of Fs{ph\K^ ^ ^) under VicY ^ '^^^S'^p C Sp. For 
d e Z set d = 2degQ. — d. The complex Fs{pH\Kj^ ^ \Bunjj) ^^^^ ™ D(Pic'^y). 
Define Y by the cartesian square 

Y ^ Y 

i4> i <^ (38) 
X ^ X 

Consider the exact sequence 1 Gm Gm, x —>■ — 1, where N is the product map, 
and the first map sends z to {z,z~^). Twisting it by the Z/2Z-torsor X — > X via the action 

permuting two factors of G^ x Gm, we get an exact sequence 1 ^ 11^^ —>■ vr*Gm Gm 1 
of group schemes on X, here N is the norm map. Consider the composition Ut^ vr^Gm — > 
7r*(/)*Gm — ^</'*7r*Gm- Define the group scheme R^j, on X by the exact sequence 

1 ^Uj, ^ 0*vT"*Gm Rtf,^ 1 (39) 

The corresponding map Picy Bunj?^ is smooth and surjective. 

Let tf, GL2 be the group scheme of automorphisms of (p^^Oy, this is an inner form of GL2. We 
denote by the same symbol tf, GL2 its restriction to X. We have a natural map (/>*Gm — > 4> GL2 
of group schemes on X . Let (j,H be the group scheme on X included into a morphism of exact 
sequences 

1 ^ ^ 7r*(/>*Gm ^ ^ 1 

i id i i 

1^ ^ 7r,(^GL2) ^1 

Since Bun^^:^ ^ Bun^ canonically, we get a morphism qji^ : Bun^j^^ — > Bun^^. 

For £ G PicX we have (j)*N{C)'^ N{(f>*£) canonically. Consider the map i;^*7r,.Gm ^ </'*Gm 
induced by the norm Tr^Gm — ^ Gm* It is easy to check that U-j^ d Ker^^A^, so we get a map 
R<j> 0*Gm- Let pR^ denote the composition of the extension of scalars Bun/j^ Picl^ with 
the automorphism e : PicF^PicF sending B to B* = B* Oy. So, the diagram commutes 

Picy Bun^^ Buuj^^ 
i ^ i PH, (40) 

Picy A Picy 

When {£^,Dx) run through RCov'', the group schemes are naturally organized into a 
group scheme i? over RCov'' xX. Let Bun/j denote the stack over RCov^ associating to a scheme 
S' the category: a map S RCov^', and a iJ^-torsor on 5 x X, where Rs is the restriction of R 
under SxX ^ RCov^ xX. 

Diagrams ()40p naturally form a family 

Bun^ ^ BuuR ^ ''''S'p 
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Proposition 9. The restriction of Fs{ph\K^ ^ f^j) to the open substack '^^^Sp C Sp is canoni- 
cally isomorphic to 

(Pi?)! q|?/f^^,x,i?[^™- ^6Uq/?)] 

/n particular, for a k-point o/RGov*" given by (j) :Y ^ X, the *-restriction identifies canonically 

Proof Define a map C,^ : Picl" — > V^p as foUows. Given B G Picl", let W = 4>^B and 

(y,C,Sym^y C, 7) E Bun^ be the corresponding ^-torsor. We have a*(t)^,B^ (j)^,a*B, so 
there is a natural map 

where Ny '■ Picy — > Pici^ is the norm map. It descends to a map V (p-^NyiB). So, for 
L = 4)^{Ny{BY) we get a map t : V ^ L* ® Vt. By definition, C0 sends i3 to {V, C: Sym^ V ^ 
C, 7) G Bun^, L G Bun2 and t -.V ^ L* 

Denote by (/»1 : Pic Y — > Bun2 the map sending B to We have a commutative diagram 

Bun^,^ ^ Picy Picy 

J' J' C(/) J' 

Bun^ ^ ^HP ^ "^J^ 



It extends naturally to a diagram 



Picy 

Vhp ^ Bun^^ Picy 
\ / 



Sp 

As (/) varies in RCov'' these diagrams form a family 



Bunij ^ '-''S'p 

/q« i i (41) 



Bun^ ^ ^i/p ^ "^P 
Our assertion is reduced to the following lemma. □ 
Lemma 15. The sguare in (^Tjj is cartesian. 

Our proof of Lemma [15] uses the following elementary observation. 
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Sublemma 1. Let K he a field of characteristic dijferent from 2. Let Vi be 2- dimensional 
K-vector spaces. Let B, B' be 1- dimensional K-vector spaces. Equip B ® B' with the guadratic 
form 

s : Sjm^iB B')^B'^ e B'^ e B (g) B' ^^'^'^^ B® B' 
Assume given a map t : B (B B' ^ Vi ^ V2 such that there is a commutative diagram 

'l^ Sym2(Fi0l/2) 



Sym2(Be^') 
B^B' 



i 

det Vi ® det V2 



Then there exist a unigue decomposition into a direct sum of 1- dimensional subspaces Vi'^ Ui(BU- 
and unigue isomorphisms B^Ui ^ U2, B'^U[ ^ U2 under which t identifies with a natural 
inclusion 

{Ui (g) C/2) e {U[ (g) U^) ^Vi^V2 □ 

Proof of Lemma [731 

Consider a point of Vfj p given by !Fjj = {V,C,Sym'^V — > C,7) G Bun^, L € Bun2 and 
t : y ^ L* (g) O. Assume that its image in Sp is identified with a point {(j) :Y ^ X, B G Picl") 
of ^**5p. So, we are given an isomorphism (j)^B and the diagram commutes 



Sym^y 

T 
C 



Sym2(L*0f]) 
T 

^ iV(i3)-i(g02 



(42) 



Since L* 
diagram 



n- 



'^N{B-){-Dx) 

^B*, we view the datum of t as t : (p*V ^ B* . We have a commutative 



>*V 

i 

(1),B'' 



B* e a^B*, 



(43) 



where 



^B* = {b^B' ® alB* I the image of b in {B* © a* B*) \dy hes in the diagonal B* \dy} 



Pick a hfting of Tfj G Bmi^ to a point W G Bun2 ^. We get tt*V^W (g a*W. From (03]) we 
get a map 

^*{W(g)a*w) r(e''©cj;^*) 

whose tensor square fits into a commutative diagram 
(p* Sym^ {W ®a*W) - 



T 

(^*(detVF(gCT*detTy) 



7f*(i3*2 © f7;0*2 Qi3*(^ a^B*) 

T (0,0,1) 
^*(^*®a*S'^(-2Z)y)) 
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By abuse of notation, we also write cr and cr^ for the involutions of Y obtained by base change 
in the square ([38]) . 

Note that any surjection (p* W — > C, where C is a line bundle on Y, gives rise to a map 
(,C '■ y ^ 4'*Ny{C'). Indeed, the composition 

descends to a map (,c ■ V ^ (j)*^Yi£)- 

By Sublemma [H there is a unique rank 1 subbundle Wi C 4>*W, for which we set C = 
{(p*W)/Wi, and a unique a-invariant inclusion of coherent sheaves C ® a* C ^ 'fr*B* with the 
fohowing properties. The latter inclusion gives rise to an inclusion Ny{C) ^ B*, and the 
composition 

V ^ (t>*NY{C) ^ ^*B* (44) 

equals t. 

Taking symmetric squares in ()44p . we get a commutative diagram 

Sym^y ^ Sym2(0,iVy(/:)) ^ Sym^cP.B*) ^ N{B''), 

T T T / (45) 

C {NxNy{C)){-Dx) Nx{B*){-Dx) 

in which the middle square is cartesian (and all the three vertical arrows are subbundles). Using 
(j42p we conclude that there is a unique isomorphism ry : {NxNy{C)){—Dx) making (j45p 
commute, and the inclusion Ny{C) ^ B* is actually an isomorphism. 

Let us show that the natural map — > is an isomorphism. We have inclusions 

whose determinants yield 0*detT^ ^ det{<p* (p^C)^ {C 'Si a^C){—7r* Dy)- Symmetrizing with 
respect to the action of a, one gets inclusions 

^*TT*C'^ ^*{detW Sa* detW) ^ {C ® a* C) S (tI{C S a* C){-2^* Dy)^ 

{^*cp*NxNy{C)){-2^*Dy) 

whose composition is an isomorphism (equal to restriction oirj). So, VF ^ is an isomorphism. 

Viewing C as a (/>*'7f;fGj7^-torsor on Xj let J~r^ be the -R(^-torsor on X obtained from it by 
extension of scalars ([391) . Then c\r^{Tr^)^ Tfj equips with a i?0-structure that does not 
depend on a choice of a lifting of J^^ to a vr* GL2-torsor. We are done. □ 

Remark 9. Consider the case oi X ^ X split. We have an exact sequence O — > Z/2Z vri(iJ) 
Z — > 0. The *-restriction 

is naturally a direct sum of two complexes indexed by ^ € vri {H) whose image in Z is d. If Y is 
connected then (\r^ : Bun/^^ Bun^:^ induces a bijection at the level of connected components 
TTo (BuuR^ ) ^ vro (Bun^ ) ^ vTi (#) . 
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6.1.2 Remind the diagram 



Buns ^ ''''S'p ^ RCov^ 



introduced in Sect. 6.1.1. In this subsection we prove the following acyclicity result. 

Theorem 3. Let E he a rank 2 local system on X , K £ D(Bun2) be a Hecke eigensheaf with 
eigenvalue E. Then qlK is ULA with respect to pi : ^^^Sp ^ RCov''. 

Proof 

Step 1. The difficulty comes from the fact that qi x pi : ^'^^Sp —>■ Bun2 x RCov'^ is not smooth 
(for g > 1), we come around it using the Hecke property of K. Namely, for d > O consider the 
diagram 

X Bun2 ^"P<5^"^' Modi ^ Bun2, 

where Mod2 is the stack ciassifying a lower modification (L C L') of rank 2 vector bundles on 
X with deg(L'/L) = d, the map p (resp., p') sends (L C L') to L (resp., L'). The map supp 
sends this point to div(L'/L). As in ([6], Sect. 9.5) one shows that 

(supp xp'),,p*K[d\ ^ M K, 

this is the only property of K that we actuahy use. 

Define temporary the stack X and the maps px,p'x by the diagram, where the square is 
cartesian 

Bun2 X RCov'^ 

y Px T PXi<i 

X Modi X RGov*" 

i p'x i supp xp'xid 

The above property of K yields an isomorphism 

ip'^)^,p*AKMqe)[d]^iE*)(-'^MqlK (46) 

Step 2. Let us show that for d > 4g( — 4 the map px '■ X — > Bun2 x RCov'' is smooth. The 
projection X ^^'^Sp is smooth of relative dimension 2d. Since ^'^'^Sp is smooth, X is also 
smooth. 

Fix a /c-point of RCov^ given by a two-sheeted covering (j) : Y ^ X. The corresponding 
objects Dy, £(f, and fi^ are as in 6.1.1. Let px,(j, ■ X^ Bun2 be obtained from px by the base 
change Bun2 x SpecA: — > Bun2 x RGov**. The stack X^ classifies: L G Bun2, B G PicY with an 
inclusion of coherent sheaves L C (j)^B such that d\v{{(j)^B) / L) is of degree d. It suffices to show 
that px,<f> is smooth. 

Write BunB,y for the stack ciassifying: Vi G Picy, V G Bun2,y and an inclusion of coherent 
sheaves Vi C V. Let '^BunB,y be the open substack given by Hi(y,Fi* ® {V/Vi)) = 0. One 
checks that the projection ^ Bun^ y Bun2.y is smooth. Set 



3^ = Bun2 XBun2,y° BunB,y 
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where the map Bun2 Bun2,y sends L to (f>*L*. So, the projection 3^ — > Bun2 is smooth. 

We have an open immersion j : ^ Bun2 XBun2 y Bun^^y sending (L C (p^B) to L £ Bun2, 
Vi = with the induced inclusion ^ (j)* L*. It suffices to show that the image of j is 
contained in y. 

Let (L C (?:)*;B)beafc-pointof;i'<^withZ? = dw{{(j)^B)/ L). Note that {det L){D)^ £^^N{B). 
Define an effective divisor D' on Y and Li € Pic Y by the exact sequence 

O ^ Li ^ 0*L ^ B{-D') O 

Then L C 4>^,{B{—D')), and taking the determinants we get detL d £^ <^ N{B){—<p^,D'), so 
D > (t)M- We must show that H^F, B ® L\) = 0. 

We have Li (g> B{-D')^ c/)* det L'^ B ® a^Bi-DY - (t)*D), because (/>*f<^^0(-L>y). Our 
assertion follows from the fact that 

(T^ B 

B* ®Li®nY^^® ^*n{D' - (j)* D) 
is of degree 4g - A - 2d + deg D' < Ag - 4 - d < 0. 

Step 3. Assume d > 4g—4. Since KMQi is ULA with respect to the projection Bun2 x RCov'' — > 
RCov'', it fohows that p*!^{K M is ULA over RCov^. Since p'p^ is proper, 

is ULA over RCov'' (cf. [4J, Sect. 5.1.2). Using ([MD, we learn that M qlK is ULA over 

RCov''. So, the restriction of (E*)^'^^ M qlK to ^>'''X^'^^ x ''''S'p is also ULA over RCov^ Since 
is a local system over ^^'^x^'^\ and the ULA property is local in the smooth topology of the 
source, our assertion follows. □ 

Consider a A;-point of RCov'" given by : y — > A' as in 6.1.1. Remind that <j)i : Pic y — > Bun2 
sends B to </>*ji3. Using ([!], Property 4 of Sect. 5.1.2) and Lemma [TBI we obtain 

CoroUary 6. Let E he a rank 2 local system on X, K he a E-Hecke eigensheaf on Bun2. Then 

B{^lK[dim. rel(</.i)]) ^ (plB{K)[dim. rel((/>i)] 
Besides, if K is perverse then for r > 4g — 4 the s/iea/ (/)^i^[dim. rel((/)i)] is perverse. □ 

Remark 10. i) Let E be an irreducible rank 2 local system on X, Aut^; be the corresponding 
automorphic sheaf on Bun2 normalized as in [6] . Then for any r the complex (pl Aut is a direct 
sum of (possibly shifted) perverse sheaves. Indeed, take d > 4g — 4 and apply the decomposition 
theorem for the (shifted) perverse sheaf p*^ ^ Aut^; and the proper map p'p^ ^ : X^ — > X^'^^ x Pic Y 
as in the proof of Theorem [3l 

ii) The map (pi : Pic y — > Bun2 is not flat, because its fibres have different dimensions (this is 
related to the fact that the dimension of the scheme of automorphisms of L G Bun2 varies) . 
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6.2.1 We may view g and as (commuting) automorphisms of Y . Let Z be the quotient of Y 

by the involution a o a^^ so we get two-sheeted coverings Y ^ Z ^ X . Note that Z is smooth, 
and a is unramified. Let D z be the ramification divisor of /3, then fi^Dz = Dx- Let be the 
nontrivial automorphism of Z over X. 

Another way is to say that we let = £ ® it is equipped with 0{—Dx)- Then 
Z^ Spec{Ox © Sp), the structurc of an O^-algcbra on {Ox © Sg) is given by "-^ Ox- Let 
£^o,</> be the cr^-anti-invariants in (/>*Q£. Then we have /3*Q^^Q£ © £^0,^3 with 

£o,p — £0,41 <S) £0 

Let Pic(y, Z) be the stack classifying Bi € Pic F, G Pic Z, an isomorphism of line bundles 
N{Bi)^ N{B2) on X, and its refinement 712 : Bi \dy ^2 \dz over Dy^Dz- This means 
that 7i2 coincides with 

iV(-Bi) ^N{B2) 

We have used the fact that /3 and cf) yield isomorphisms of (reduced) schemes Dz^ Dx—^ Dy- 

Lemma 16. The map Pic y — > Pic(F, -Z^) sending B to {Ny{B), Nz{B)) yields an isomorphism 
BnnR^^Pic{Y,Z). 

Proof Denote by the preimage of the diagonal ^ Gm x under the homomorphism 

of group schemes on X. The product of norms yields a homomorphism ^*7f*Gm — > -R,/, of group 
schemes on X, and [/7^ hes in its kernel. The induced map R^f, i?^ is an isomorphism ovcr 
X — Dx, but not everywhere (if 4> is ramified). The group scheme i?^ \dx over Dx has several 
connected components, and R^ \dx is its component of unity. Our assertion follows. □ 

The map pR^ : Bun^^ Pic y sends {Bi,B2,ji2, N{Bi)'^ N{B2)) to B^. The square is 
cartesian 

Y I X 

la I TT 

Z ^ X 

The map pn o qi^^ : Pic(y, Z) —>■ Bunij sends {Bi,B2,'yi2, N{Bi)^ N{B2)) as above to the 
collection (V, C, Sym^ V — > C), where V C © /3*^2 is the lower modification defined by the 
cartesian square 

(t)*Bi © p^B2 {(t)*Bi © p^B2) \dx^ ^1 \dy ©-62 \Dz 

T T id+712 (47) 

v ^ Bl \Dy, 
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c = N{Bi){—Dx), and the quadratic form SyTc?V C \s the restriction of the difFerence of 
forms on Bi 

Sjm\(l),Bi(B P,B2) ^ N{Bi) 

Denote by ZY the gluing of Z and Y along the isomorphism Dz—^Dy- If Dx is empty 
then ZY is the disjoint union of Z and Y. The projection g : ZY — > X is a 4-sheeted covering. 

For a point {Bi,B2,ji2, N{Bi)^ N{B2)) G Fic{Y, Z) denote by Bu the hne bundle on ZY 
obtained by gluing Bi and B2 along 712. Then V from diagram (|47p is nothing but q^Bi2- 
Let KzY denote the dualizing complex on ZY then Kzy[—M is the gluing of r2y(Dy) and 
^z{Dz) via 

J^ypy) Id^ ^ODy^OD^-^^ziDz) \d. 

Set (^12)* = nom{Bi2,KzY)[-A^ this is the gluing of BI ® ^y{Dy) and B^ (g) Oz(^z) along 
the isomorphism 

7l*2 : ^2* » ^z{Dz) \dz ^131 l^y(Z)y) {oy 

Then {g^,Bi2)*—^Q*{Bi2) canonically. If (p is unramified then ZY is smooth, and the definition 
of {B12)* concides with that of 1.1. 

6.3.1 In Sections 6.3.1-6.3.4 we assume n = 1. 

Fix a two-sheeted covering : y — > X as in 6.1. For a given rank one local system J' onY 
we want to calculate 

Rr(Pic y, AJ (PrJ, q*R,Kj^^^jj) (48) 

Assume given an isomorphism x~^^J of local systems on X. Then the complex that we 
integrate will descend under : Pic Y —>■ Bun[/^ , we will actually integrate over Bunu^ . 

First, consider the situation when E is an irreducible rank 2 local system on X and E = n* E. 
Let Aut^;* denote the corresponding automorphic sheaf on Bun2 normamized as in [6]. The 
following result is a calculation of 

(Pi?.,)! q|j,^i/(Aut£;*)[dim.rel(q^j,)], (49) 

under these assumptions. 

Theorem 4. Assume that Y X is unramified and nonsplit, and the coverings X ^ X and 
Y X are not isomorphic over X . Then the complez (^Pj) is isomorphic to 

(Bd>o M£o,f3 «> det E)n multf'^^ (^(^0 ® det E*) M {c/)* E*)^'^^)[d + g - 1], 

where di is a function of a connected component of Pic Y given by 2di + d = deg B for B E Pic Y 
(the sum is over d>0 such that di G ZJ. Here 

mulf^'"^! : Pic"^! X x Y^"^^ Pic^'^^+'^y 

is the map introduced in Sect. 
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Remark 11. One may extend Theorem U] to the case of Y —>■ X split. To do so, first extend 
Theorem [2] to the case of split X, then the argument of 6.3.2 will go through. We leave this to 
an interested reader. 

6.3.2 Define Bunc^^^ by the commutative diagram, where the square is cartesian 

i i q 

Picy <— Bun/j^ — > Bun^ 

Then Bun^^/j^ classifies: M E Bun2 for which we set A = detM and C = (S' A-^^, Bi € Picy, 
B2 G PicZ, isomorphisms N{Bi)^ N{B2)-^C{Dx) and its refinement 712 Bi\dy —^B2\dz- 

Proof of Theorem 

Let H 13 (resp., H (j,) denote the group scheme on X obtained as a twisting of GO^ by the Z/2Z- 
torsor /3 : Z — > X (resp., (p : Y ^ X) as in 3.1. 
We have a commutative diagram 

BunG,/j^ X Bun^ jj^ XBunG ^un^^^^ Bun^a x Bun^a 

i i ■S"2 

Bun^j^ ^ BunG4 , 

where 7r2 is the map defined in 3.5 for X U X. Here / is the isomorphism sending the above 
point of Buncj?^ to {B2, M, N{B2) A^ft) € Bun^^^^, {Bi, M, N{Bi) (g> A^ n) G Bun^_j^_^. 
By Proposition O 

TT-g Aut[dim. rel] ^ Aut Kl Aut, 

where dim. rel = 2 dim Bun^jj ~ dim Bun^^ . We must calculate the direct image under the 
composition of projections 

BuHg^h^ XBunG Bun^^^_^ ^ Bun^^^^ ^ Bun^_^ 

To calculate the direct image with respect to the first map we use Proposition [6] applied to the 
functor Fq'^ : D(Bun^^) — > D(BunG'). It yields an isomorphism 

F^^(Q,)[dimBun^^]^ Aut^^_^g5Q^ 0(A^o,/3)n 

So, (j49p identifies with 

{A£o^f3)n ^ €\F^^{AutE* ^ Aut£^^^^Q^)[- dimBunc] 
Applying Theorem [2] for Fjj^, one identifies ()49p with the direct sum 

(Bd>o A{£o,i3 ^ det E)n O multf''^^ (^(^o ^ det E*) m {Tr*E*)^'^'^)[d + g - 1], 
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where di is a function of a connected component of Pic Y given by 2di + d = deg B for B G Pic Y . 
The sum is over d > O such that di E Z. □ 

6.3.3 Geometric Waldspurger periods In this subsection we assume X split, (f) -.Y ^ X 
nonsplit. From Theorem [5] combined with Proposition [8] one derives the following. 

CoroUary 7. Assume (j) : Y ^ X nonramified. For an irreducible rank 2 local system E on X 
we have 

iPnMh ^n*E,det E, H 1^™. rel(qij , )] ^ 

ed>o {A£o^^)n^mnltf''''{A{detE*)m{<P*E*)^'''^)[d + g-l], (50) 

where di is a function of a connected component of Pic Y given by 2di + d = deg B for B S Pic Y 
(the sum is over d>0 such that di £ 'Z). □ 

Remark 12. By Remark [9l (j50p is natur ally a direct sum of 2 complexes indexed by those 
9 E T^i{H) whose image in Z is 2degr2 — deg,S, B G Pic y. However, the RHS of ([^0]) seems not 
to be the refinement of this decomposition (cf. Remark [6|). 

Remind the exact sequence 1 Gm — > 4'*^m — > f/^ — > 1 on X (cf. A.l). The corresponding 
extension of scalars map e^ : Pic y — > Bun[/_^ sends B to B~^ ®a*^B. li (j) -.Y ^ X \s unramified 
then C/0 is also the kernel of the norm map (p^^Gm Gm- 

For a G Z/2Z we write Bun^^ for the connected component of Bun^y^ corresponding to a, 

so Buujj^ is the connected component of unity (cf. A.l). Let (pi : Pic y — > Bun2 be the map 
sending B to (f)^B. 

Definition 10. Let J' he a rank one local system on Y. Let K £ D(Bun2) be a complex with 
central character N (J'). Then the complex AJ'^ ^ (pi^ is equipped with natural descent data 
for the map : Pic Y — > Bun^/^ . Assume that @ 

(Cw) is a complex on Bunjy^ equipped with 

e;/Ci^ [dim. rel(e<^)] ^ AJ'^ (g) ^^/C [dim. rel((/>i)] 

For a G Z/2Z the Waldspurger period of K is 

WP'^(K, J) = Rr,(Bun^^,/Ci^) 

Let m^^d : Y^"^^ — > Bunjj^ be the map sending D to 0{D — (t*^D) with natural trivializations 
N{0{D - a*^D))'^0 and 0{D - a*^D) \dy ^Ody- The map m^^d is proper. 

Let mult(^ : Bunjj^ x Bunj/^ ^ Bun^/^ denote the multiplication map (Bunu^ has a natural 
structure of a group stack). If (p is ramified then mult,^ is proper. 

^though each perverse cohomology of the latter complex descends with respect to e^, we ignore if the same is 
true for the complex itself, as the fibres of are not contractible. 



53 



Theorem 5. Assume (j) : Y ^ X unramified. Let E be an irreducible rank 2 local system on 
X, J he a rank one local system on Y eguipped with det N(J'). The condition (Cw) is 
satisfied for Aut^; giving rise to JCe ■= f^Auts- complex Ke is a direct sum of (possibly 

shifted) perverse sheaves. We have 

mult^!(/Cs K Ke)^ (Bd>o {ASo,c^ ® A{Njy)n {m^,dW </'*^*)^"'^M 
In particular, for a € Z/2Z there are isomorphisms 

© WP'^n Autij , J) (g) WP"2 ( Autij , ^) ^ 

{A8o^^®A{Njy)n®{ © Rr(y(^),(j0 0*^*)('^))[d]) 

d>0, 
a=d mod2 

// 4)* E is irreducible then the latter complez is a vector space (placed in cohomological degree 
zero). 

Proof Under our assumptions the sequence (|39p fits as the low row in the diagram 

1 Gm X Gm <P*Gm X 0*Gm ^ U^xU^ — > 1 

T Tid T 

1 Gm X (p^Gm — > R(f) ^ 1, 

where the left vertical arrow sends z to {z,z~^). Let : Buiiij^ — > Bunj/^ x Bunj/^ denote the 
corresponding extension of scalars map. The fohowing diagram is cartesian 

BuriR^ -J Picy 

i K<#, i e0Oe 

mult0 

Bunc/^ X Bmi(7^ Bun^/^, 
By Remark[10l the condition (Cw) is satisfied, and we get 
{AJ)^l p*R^AJ © q*R^K^. 

E.detE.Ht'i™- ^*3l(q_R^)] K^^i^E ^ /C_B)[dim. rel(K0)] 

By CorolarylZl we get 

{e^j, o e)* mxilt^\{}CE Kl /C£;)[dim. i:el{K^)] ^ 

(Afo,0 ® ^(iVJ)*)n ® (©d>o © multf'"'^(A(det E*) K + 5 - 1])^ 

{ASo,^ ^ A{Njy)n ® (©d>o multf'"^^ K (JT + 5 - 1]), 

where di is a function of a connected component of Pic Y given by 2di + d = deg B for B G Pic y 
(the sum is over d >0 such that di G Z). 
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The square is cartesian 

where the left vertical arrow is the projection. Since dim. vel^n^) = 5 — 1, we get an isomorphism 

(e^ o e)* mult0!(/CE ^ ICe) ^ (^^o,^ A{Njy )n ® (e</, o e)*(ed>o {m^,dW ® 'P* E*f'^'^ [d]) 
compatible with the descent data for o e. So, 

mult^K/Ce m K:e)^{ASo,4, ® A{Njy)n ® (ed>o {m^MJ ® ^*E*)^'^^[d\), 

the sum over all d>0. For d even (resp., odd) m^^d maps F^''^ to Bun^^ (resp., to Bun^;^). 

If (t)*E is irreducible then Rr(y('^), [J ® ^ A<^ F with V = R^{Y,J® (t)*E*). 

The last statement foUows. □ 

6.3.4 In this subsection (p : Y ^ X is allowed to be ramified. Let us calculate the gcometric 
Waldspurger periods of Eisenstein series on Bun2. Let Ei,E2 be rank one local systems on 
X, i7 be a rank one local system on Y equipped with N{J')^ Ei E2. Remind the complex 
AutEi®E2 on Bun2 (cf. 4.3). Let 

be the map sending D to 0{a^D — D) with canonical trivialization N{0{a*^D — D))^Ox- 
Proposition 10. The condition (Cw) is satisfied for KmIei^e^- For the corresponding complez 

^E,®E2^ e<i>o {AE2)e^^n-^ ® {m,^,dW^ ® (lfE2f'^\d\ (51) 

In particular, 

mult<^!(/CEi®E2 ^ I^EieE^)-^ ®d>0 A{Ei ^2)f^®a-i ® {rh^MJ"^ ® fi^i © ^2))^'^'[d] 
Proof We have a cartesian square 

U Picx X y W Picy 

i 01, p i <t>l 



Bunp ^ Bun2, 

where (pi^p sends (L, D) io {L C M), M = L® (p^OiD). The map mult'^''^i : Pic"*! X x y('^) ^ 
p-g2di+d ggj^^jg ^Q {(f)*L){D). So, we have 

0^ Aute,eE2 [dim. rel((/)i)] {AE2)£.^n-^ ® multf '^^ (Q^ K ( J"^ ® (/•^-Es)^'^) )[d+g-l], 

d>0 * 
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where di is a function of a connected component of Pic Y given by 2di+d = deg B, B € Pic Y (and 
the sum is over d > O such that di G Z). We have used that dim. rel((/>i) = 2(1 — g) + ^ deg Dx- 
The square is cartesian 

Pic'^i X X y('^) '""^''^ Pic2'ii+'iy 

where the left vertical arrow is the projection. This yields an isomorphism 

^*i AutE,eE2 ^^^^'^dim. rel(0i)] ^ ®^{AE2)£^^n-^ e;(m^,d)!( ® 0*S2)^'^^)[d + g - 1] 

Since dim. rel(e0) = g — 1, the first assertion follows. 

To get the second one, remind that for rank one local systems Vi onY we have 

{Vi e V2r^ - etk (sym,,,_,),(yf ) m v,^'-'\ 

where sym^ : Y^''^ x yC*^-^) ^ yC*^) is the sum of divisors. □ 

Remark 13. i) Remind that the Eisenstein series Aut£;^0£;2 above is called regular if Ei and E2 
are not isomorphic (cf. [1], Sect. 2.1.7). Under this assumptions irh(f)^d)\{J'~^ (S' (p* E2)^'^^ = O for 
d > 2gY — 2 (so, the sum in ([5111 is actually by O < d < 2gY — 2). 

Indeed, m,/,.^ decomposes as Y^'^'^ A Picy Bun^/^^, where s sends D to O(-D). If d > 2gy— 2 
then s is a vector bundle of rank d + 1 — gy over Pic Y with zero section removed. For a rank 
one local system £^ on y we have siE^'^^ AE ^ s\Q£. Further, : Picy Bunjj^ is a 
homomorphism of group stacks, each fibre of e^f, identifies with PicX. So, if N (E) is nontrivial 
then {e^)iAE = 0. 

ii) If E' is a rank 2 local system on X, J' is a rank one local system on Y equipped with 
det£;^iV(J') then we have J'^ <^ cjf E^ a*^J ® (ff E* canonically. Write also : y^'^) y^'^) 

for the map sending D to cr^D. Then the composition Y^'^'^ Y^^^ Bunu^ equals fhtp^d- So, 

canonically. Thus, Theorem [5] and Proposition [10] are consistent. 

Theorem [5] and Proposition 1101 suggest the following conjecture (it is a theorem if one of the 
following holds 

• E' is irreducible and (j) is nonramified, 

• E' is a direct sum of two rank one local systems. 
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Conjecture 3 (Waldspurger periods). Let E be a rank 2 local system on X . Let K G D(Bun2) 
be an automorphic sheaf with eigenvalue E. Let (p : Y ^ X be a (possibly ramified) degree 
2 covering, J be a rank one local system on Y. Assume the condition (C\y) satisfied for J 
and K giving rise to K-k G D(Bun[7_^). Then for a suitable normalization of K there ezists an 
isomorphism 

6.3.5 Geometric Bessel periods 

In this subsection we assume (p -.Y ^ X nonsplit. Assume n = 2, so G = GSp4. 

Definition 11. Let K G D(BunG') be a complex with central character x~^- Let ^7 be a rank 
one local system on Y equipped with N{J)^x- Foi' the inclusion V\cY ^ ^^^Sp C Sp the 
*-restriction AJ' (g) FowCjp{h'pK) |picy is equipped with natural descent data for : PicY — > 
Bun[7^. Assume that 

{C b) )Ck is a complex on Bun^/^ equipped with 

eJ/CA'[dim. rel(e0)] ^^4^" (g) Four^(z^p_fir)[dim. rel(i/p)] |picy 

For a G Z/2Z the Bessel period of K is 

BP"(i^, J) = Rre(Bun^^,/Ci^) 

Assume X connected. Let E be an irreducible rank 2 local system on X, x be a rank one 
local system on X equipped with vr*x— ^ det-E. Remind the complex K^^j^ defined in 5.1. 
Remind the map rh^^^ : Y^^^ — > Bun[/_^ introduced in 6.3.4. 

Theorem 6. Assume (p -.Y ^ X nonramified. Let J' be a rank one local system on Y eguipped 
with N{J')^x- condition (C b) is satisfied for J and K := Fq[ph\K^ ^f^) giving rise to 
K. K £ D(Bun[/_^). W e have 

(mult^)i(/C/< K/Ci^)^ (Bd>o {m^MJ^<P*i^*E*))^'^^[d] 
In particular, for a G "L/TL there are isomorphisms 

e BP''^K,j)^BP'''{K,j)^ e Rr(y('^),(^®(/.*(7r,^*))W)[(i] 

ai+a2=a, d,>0, 
aiGZ/2Z a=d mod2 

Proof According to Proposition [9] and Corollary[Tl we must find a complex K, k G D(Bun[/^) 
together with an isomorphism 

e;/CA'[dim.rel(e^)]^A^® (Pij,)!q^j^i^^_^_^[dim.rel(q/jJ] (52) 
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Let us show that i?,^ fits into a cartesian square 



i Ny i Ny (53) 



Indeed, (|39|) fits into a commutative diagram 



1 ^ 






U4, - 


1 






T 


T Ny 




1 ^ 


► vr=i<Gm 






1 




T 




T 




1 ^ 


► f/. 






1 




i 




i Ny 






1 






1 



The latter diagram together with the exact sequence 1 — > Gm — > </'*Gm — > — > 1 yield (j53|) . 
Let : Bun/j^ ^ Bun^/, be the extension of scalars map given by the upper row in 

The composition Picl^ — > Bun/j^ Bunj/, is the map sending B to cr^S ^B^^. We get a 
cartesian square 

Picy 4 Bunc/^, 

where iVy(^) := Ny{B)-^ for S G PicF. 
Consider the commutative diagram 



Pic Y Bun/j , 4 Bun[/- 



i ^1 i 



Bun2j^ — > Bun^, 

where (/>i sends B to (^i^^B. 

By Remark I10( the condition (Cw) is satisfied for Aut^, the covering (p : Y ^ X and the 
local system tt*J'. So, there is a complex IC^ & D(Bunf/-) equipped with 

e^/C^[dim. rel(e^)] ^ ^(vr* J)-^ (g) 4>l Aut^[dim. rel(0i)] 

Set /C = /Cg (g) {AJ')qy, it is equipped with an isomorphism 

P*R4.^J '»qiJ^^E,x,i/[^™-^^KqflJ]^4'^[dim.rel(K^)] 
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over Buiiij^. Set K,k = Ny\{IC), it is equipped with an isomorphism ([52]) . We have a commuta- 
tive diagram 

mult^ 

Buiif/- X Buii[/- Bun;7- 



i NyxNy i Ny 



mult 



Bun,7^ X Bunu^ "'^"^ Bun,7^ 
By Theorem[5l we have 

where ^ti^^ : y^'^) — > Bun^/, sends D to 0{D — cr'^D) with natural triviahzation 

iv^(o(z)-a;z)))^o^ 

Since f^g^^^vr*^:^^, we get {ASQ^^)n^^ A{N£Q^^)n'^Qi. So, 

(mult^),(/Ci^ K /Cx)^ (iVy)!(mult^)!(/C MJC)^ ed>o {NY)\{m^J,X^*J ® 4>*E*Y'^Hd] 
The diagram commutes 



yW 4' Bunt/- 
i s- i 

Our assertion follows. □ 

Theorem [6] combined with Conjecture[2]suggest the following. 

Conjecture 4 (Bessel periods). For G = GSp4 let Eq be a G-local system on X viewed as a 
pair {E,x~^), where E (resp., x) o, rank 4 (resp., rank 1) local system on X eguipped with a 
symplectic form f\^E X~'^ ■ Let K be an automorphic sheaf on Bunc with eigenvalue Eq (in 
particular, the central character of K is x^^)- 

Let (p : Y ^ X be a (possibly ramified) degree 2 covering. Let J be a rank one local system 
on Y eguipped with N{J')'^ x- Assume the condition (Cb) satisfied for J and K. If the 
corresponding complez KLk G D(Bun[7^) is nonzero then 

(mult<^)l(/CxK/CA')^ ed>o {m^,d)i{J^^*E)^'^^[d] 
for a suitable normalization of K . In particular, for a € Z/2Z there are isomorphisms 

e BP"i(i^,^) ®BP"2(^^ j)~ RV{Y^'^\{J (^(i)*E)^'^^)[d] (54) 

a\+a2=a, d>0, 
aigZ/2Z a=d mod2 
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Remark 14. Under the assumptions of Conjecture[l]we have H^(F, J'(g)(/)*£')* ^H°(y, J® (j)* E). 
Consider the case ff (y, J O (f)* E) = O for i = 0, 2. Then BP(i^, J) (g) BP(K, J) identifies with 
the vector space (placed in degree zero) 

e aV, (55) 

where V = H"'^(y, J' ^ (j)*E). The symplectic form on E induces a map 

B^iY,J®alJ^^*iE0E))^R\Y,qi)^qe (56) 

Since the cup-product 

V®V'=^}i\Y,j0(t>*E)^}l^ {Y, alJ ®(t>*E)^ {Y, J (g) a^J (g) (j)* [E ^ E)) 

is anti-symmetric, composing it with (j56p one gets a nondegenerate symmetric form Sym^ V — > 
Q£ on y. We have diml/ = 8{gY — 1), where gy is the genus of Y. 

Let Spin(y) denote the simply-connected covering of SO(y). Let and T p be the half-spin 
representations of §pin(y), here a and /3 are the corresponding fundamental weights of Spin(y) 
(cf. [7], 19.2, p. 287). Then 

r„ e A° y e aV e aV . . . 

and 

r„ (g) e (g) r„ ^ A^ y © a V © a^v © . . . 

Conjecture 5 (Bessel periods refined). Under the assumptions of Conjecture\^ consider the 
case H* (y, J (g </>*£;) = O for i = O, 2. ^ei V = R^{Y,J (f)* E). Then there is a numbering aa 
(a € Z/2ZJ of the half-spin fundamental weights o/Spin(V) and isomorphisms for a S Z/2Z 

BP'^(i^,j)^r„,, 

where is the irreducible (half-spin) representation of Spm{V) with highest weight aa- 



7. The case H = GOg 

7.1 In this section we assume m = 3 and X spht, so IH = ^ = GOg. We have an exact sequence 
1 —)■ fi2 —>■ GL4 — > GOg — >■ 1 of group schemes over Speck. By abuse of notaion, we write 
p : Bun4 — > Bun^ for the corresponding extension of scalars map. It sends W G Bun4 to 

[V = a'^W, c = det W, Sym^ V ^C,-f) 

Here h is the symmetric form induced by the exteiour product a'^W (g a'^W det W, and 
7 : dety^C^ is a compatible triviahzation. The connected components of Bun/v are indexed 
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by ni{H). We have an exact sequence O 7ri(GL4) 'Ki{H) —f Z/2Z O, and the image of p 
is oBun^ := U„g^^(GL4) Bun^. 
Remind that 

il^ GSpine ^ {(c, 6) e x GL4 | det 6 = c^} 

Consider a H-local system on X given by a collection: local systems E and x on X of ranks 4 
and 1 respectively, an isomorphism detE'^^^. Assume E irreducible on X. Let Aut^; denote 
the corresponding automorphic sheaf on Bun4 (cf. Definition [8|) . Then Aut^; is equipped with 
natural descent data with respect to p : Bun4 — > Bun^, so gives rise to a perverse sheaf ^ ^ 
on o Bun^^^. 

Lemma 17. The sheaf K^^^ eztends naturally to a perverse sheaf (still denoted by the same 
symhol) over Bun^ with central character x- 

Proof Let act : Pic X x Bun^ — > Bun^ be the action map sending £ G Pic X and (V, C, Sym^ — > 
C) € Bun^ to {V 1^ C, C 'Si C). Let 1 Bun^^^ C Bun^ denote the complement to oBun^^^. Then 
act sends Pic'^ X x a Bun^:^ to Bun^;^, where b = a + k mod 2. The perverse sheaf 

on Pic^X X o Bun^ is equipped with natural descent data for act : Pic^ X x q Bun^^^ —s- 1 Bun^. 
This yields a perverse sheaf ^ ^ on the whole of Bun^ equipped with act* x ^ 
^ jj. Here Ax is the automorphic local system corresponding to x- D 

Assume n = 2, so G = GSP4. View a G-local system Eq on X as a pair {E,x), where 
E (resp., x) is a rank 4 (resp., rank 1) local system on X with symplectic form a'^E —s- x- 
The symplectic form induces the isomorphism det -E'^x^5 ^iid [E, x) identifies with the H-local 
system E^ obtained from Eq via the extension of scalars G ^M. 

Conjecture 6. i) Let Eq be a G-local system on X and Ef^ be the induced M-local system 
on X given by (E,x)- There ezists K € D(BunGr) which is a E^-Hecke eigensheaf satisfying 

ii) Assume in addition that E is irreducible (as a local system of rank 4 )■ Then K = Fg{K^, ^, jj) 
satisfies the properties of i). 

7.2 Remind the stack RCov'' introduced in 6.1. Denote by Bun^^^ the following stack. For a 
scheme 5, an 5-point of Bun^^^ is a collection consisting of a map 5 RCov'' giving rise to a 
two-sheeted covering gY S x X, and a rank k vector bundle on sY- Let us precise that a map 
S' — > RCov'' is given by a collection {£, n, D), where D ^ S x X is the preimage of the incidence 
divisor on '''^^x'^''^ x X under S xX ^ rssj^(r) ^ x, and £ is a line bundle on 5 x X equipped 
with K : £'^'^Osxxi-E>). Then OsxX ^ is a 05xX-algebra, and sY = Spec{OsxX © £) 

We simply think of Bun^^,. as the stack classifying Dx G rss-^(r)^ ^ two-sheeted covering 
(j) : Y ^ X ramified exactly at Dx (with Y smooth), and a rank k vector bundle U onY. 
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Remind that we assume n = 2, so G = GSp4. Note that '^^'^Sp = Buni^^- We have a diagram 

Bun4 ^ Buns,, ^ """5^, 

where c\2 (resp., P2) is the map sending {(p : Y ^ X,U) as above to W = (p.^U (resp., to the 
point (0 : y — > X, (det U)*) of '^^'^Sp). Extend it to a commutative diagram 

Bun4 ^ Bun2,. 

i P i ' \P2 (57) 

Bun^ 2^ BuiiR ^ 

defined as follows. 

For a point of RGov*" given hy (j) : Y ^ X let ii^ now denote the group scheme on X 
included into an exact sequence 1 ^ fj,2 ^ (p* GL2 — > R(f) — > 1. Let ^ GL4 be the group scheme 
of automorphisms of (Oy). Define by the commutative diagram, where the rows are exact 
sequences 

1 ^ 1^2 (j)* GL2 —>■ 1 

i id i i_ 

1 ^ /X2 ^ GL4 — > 1 

Since fj^H is an inner form of H, Bun^;^ ^ Bun^^ canonically. Let q/j^ : Bun/j^ — > Bun^;^ denote 
the corresponding extension of scalars map. Since //2 hes in the kernel of the determinant map 

det 

0=K GL2 —s- (p*Gm, it yields a map i?^ ^ Let p/j^ : Bun/j^ — Pic Y denote the composition 

of the corresponding extension of scalars map Bun/j_^ Pic y with the automorphism e : 
Picy^ Pic y sending B to B*. As (p runs through RGov'", the group schemes organize into 
a group scheme R over X x RGov'', and the diagrams 

Bun^ ^ Bun^j^ Pic Y 
form a family giving rise to (I57p . Remind the functor introduced in Section 3.3.2. 
Proposition 11. For K € D(Bun^) there is a functorial isomorphism 

Fs{K) \rsssr^ ^ {pR)iq*pK[dim.Te\{qR)] 

Proof 

Step 1. Define the stack V4,p and the maps q, p by the diagram 

Bun4 ^ V4,p 

i p i \ P 

Bun^ ^ "^'^,p ^ '^p, 

where the square is cartesian. The stack V4,p classifies: L € Bun2, W € Bun4 and a map 
t:L(^V^n with F = A^W". 
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Let C2 : Bun2,r ^ V4,p be the map sending {(j) -.Y ^ X,U) to (W = 0*?/, L = 4>^{{A'^Uy),t), 
where t : V ^ L* ^ is the following map. We have L* (g) J] ^ 4)^{A^U). The exterior square 
of the natural map (j)*4>^U — >■ C/ is a map 4'*{a'^W) A^C/, by adjointness it yields a map 
t:V ^ M^^U). 

We have a commutative diagram 



r 



Bun2,r- ^ ''''Sp 



P2^ 

/ q2 i C2 i (58) 

Bun4 ^ V4^p -'^ <Sp 

Let us show that the square in this diagram is cartesian. To do so, consider a A:-point (L, W, t) 
of V4,p whose image under p is given by a A;-point {(p : Y ^ X,B, Dx) of ^^^Sp. So, we are given 
isomorphisms L^cp^^B, detVF, and N{B)^Q'^ (g>C~^ such that the diagram commutes 

Sym^y Syu?{L*(^n) 

T T (59) 

C ^ N{B-'^)(g)n'^ ^N{B*){-Dx) 

Write for the nontrivial automorphism of Y over X, let Dy be the ramification divisor of 
(P-.Y ^ X, so Dx = MDy)- 

The map t : V ^ L* Q^^^,(i3*) can be seen as t : (p*V ^ B* . The latter map is nonzero, 
because the symmetric form on L is generically nondegenerate. Applying <j)* to (j59p . we get a 
commutative diagram 

0*Sym2y ^ (B'^)2 e (ct;s*)2 e (B'^ fj^^*) 
T T (0,0,1) 

(j)*detW ^ {B* a*^B*){-2DY) 

The transpose B (g f^^^ — > 0*^* to t is an isotropic subscheaf in (j)*V*. So, there is a rank 2 
vector bundle C/ on y and a surjection — > C/ such that t factors as a composition 

cf>*V ^ A^C/ A S* 

We are going to check that A^[/ ^ B* is actually and isomorphism, and the map is 
also an isomorphism. 

Indeed, the maps V — > (/>*(A^[/) — > 4'^{B*) yield a commutative diagram 

Sym2(y*0fi) ^ Sym2((/),((A2C/)*)) ^ Sym^ L 

C-i0f]2 ^ A^((a2C/)*) ^ N{B), 

and the composition of maps in the low row is an isomorphism. It follows that the transpose 
B — > (A^C/)* to u is an isomorphism. 
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Now consider the diagram 



where the second map is induced by the natural map U. Applying symmetric squares, 
one gets a commutative diagram 

C ^ N{A^U){-Dx) 

i \ 

J' -I- J' 

C det{(j)M) ^ N{A^U) 

It is easy to see that ^ induces an isomorphism det((/>*[/) ^ A^(A^[/)(— Thus, detf : 

det W^C^ det(0*[/) is an isomorphism, so w : ^ is an isomorphism. 



Step 2. The diagram (|58j) gives rise to a commutative diagram 



BunR ^ '-"'S'p 



We have to show that the square in this diagram is cartesian. By Step 1, this is true after the 
base change o Bun^^ ^ Bun^^. For the components of i Bun^:^ the argument is similar. □ 

Definition 12. Let K G D(Bunj:^) be a complex with central character x^^- Then Fs{K) has 
central character x- Let ^ be a rank one local system on Y equipped with N{J')^ ■ Then 
for Picy C Sp the *-restriction AJ' (g) Fs(K) |picy is equipped with natural descent 

data for e,^ : Pic Y — > Bun[/^ . Assume that 

(Cg) ICk is a complex on Bun^/^ equipped with 

e^lCK [dim. rel(e^)] ^ AJ {Pr^Wr^ (K) [dim. rel(qij J] 

For a G Z/2Z the generalized Waldspurger period of K is 



8. TOWARDS A CONSTRUCTION OF AUTOMORPHIC SHEAVES ON BunG5p4 

8.1 In Section 8 we assume the ground field k algebraically closed of characteristic zero and work 
with P-modules instead of £-adic sheaves. A local system on X is now a vector bundle E with 
connection V : E ^ E ® Vt. 
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Lemma 18. For a local system E on X there is a canonical 'L/2'L-graded isomorphism 
det RTdr{X, E) ^ det RT{X, det E) (g) det Rr(X, O O det E)-^ 

Proof Let DR(i?) = {E E (^0) he the De Rham complex of E placed in degrees O and 1. 
The exact triangle DR(S) ^ E ^ E ®VL yields 

det RTdr{X, E) ^ det RT{X, E) ® det Rr(X, E ® ^l)'^ 

Our assertion follows now from Lemma [TJ □ 

Set n = 2, so G = GSp4. Write LocSys^j for the moduh stack of G-local systems on X. View 
a G-local system Eq as a pair {E,x)-, where E (resp., x) is a rank 4 (resp., rank 1) local system 
on X with symplectic form /\^E — > x~^- 

Let (f) -.Y ^ Xhe a, (possibly ramified) two-sheeted covering. Write LocSysy^ for the moduli 
stack of rank r local systems on Y . 

Let M.Y denote the stack classifying: a G-local system Eq = {E,x) on X, J' £ LocSysy^^ 
equipped with N {J)'^ x- The following is an immediate consequence of Lemma [T8l 

Lemma 19. The (L/TL-graded) line hundle on My with fibre deiRToniY, J®(j)*E) at [J, E^) 
is canonically trivialized. □ 

Let ^^AY C ^AY denote the open substack given by the condition H^^(Y', J' (g) (p* E) = O for 
i = 0,2. We have a vector bundle V on ^Ady whose fibre at {J, Eq) is 

^'DR{Y,J®<i^*E) 

The rank of y is c := S{gY — 1), where gy is the genus of y. As in Remark [T^ one equips 
V with a nondegenerate symmetric form Sym^ V O. Moreover, the trivialization det^^O 
given by Lemma [19] is compatible with this symmetric form. 

Conjecture 7. The SO^-torsor V lifts naturally to a Spin^-torsor on ^AAy ■ 

8.2 Let Eq be a G-local system on X viewed as a pair {E, x)-, where E and x are local systems 
on X of ranks 4 and 1 respectively, and /\^E — > x~^ is a symplectic form. Assume E irreducible. 
In this situation we propose the following conjectural construction of an automorphic sheaf Ke^ 
on Bunc corresponding to Eq. 

Let r > O, remind the stacks RCov^' and ^'^^Sp C S p (cf. Section 6.1.1). A point of RCov^ 
is given by a divisor Dx G '''^^x^'''> and a two-sheeted covering cf) -.Y ^ X ramified exactly at 
Dx with Y smooth. Let Y^niv X x RCov'' denote the universal two-sheeted covering. For a 
morphism of stacks a : 5 — > RCov'' denote hy Ys ^ X X S the two-sheeted covering obtained 
from the universal one by the base change '\(ixa : X x S ^ X x RCov'' . 

Let M be the stack classifying collections: a point of RCov*" given 
and a rank one local system ^7 on 1" equipped with an isomorphism N[J)^x- By definition, 
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for a scheme S', an S-point of M is given by a map S RCov'' and a rank one local system J7 
(relative to S) over I5 equipped with a trivialization of Nxxs{'J)- 

Let V be the vector bundle on A4 whose fibre at the above point is Hj)^(y, J' ^ (f)* E). As in 
8.1, we equip it with a nondegenerate symmetric form and a compatible trivialization detV^O. 
Assuming Conjecture[71 we get a Spin^-torsor on Ai. For the half-spin fundamental weights Ua 
(a € Z/2Z) of Spin^ write for the corresponding vector bundles on A4 induced from our 
Spin^-torsor. 

The projection Ai RCov^ should be equipped with an integrable connection along RCov'^ 
making Ai into a I?RCov''-stack (in the sense of j3], Section 2.3.1). Then M. carries a sheaf of 
algebras 0»[^?rcov''] (in the notation of loc.cit., Section 2.3.4). We expect that is naturally 
a module over Om[1^RCov'']- 

Consider the two-sheeted covering Yjn ^ X x M obtained from Y^niv ^ X x RCov^' by the 
base change idxpr:XxA^ X x RGov*". Let Juniv denote the universal local system (relative 
to M.) over 1^, its norm on X x M. \s trivialized. Let denote the d-th symmetric power 
of Ym (relative to Al). That is, Y^^ is the quotient of the d-th power Yj^ xj^ ... xj^ Yj^ by 
the symmetric group on d elements. Let iT^^^j, denote the corresponding local system (relative 
to M) on Y^. 

Remind that, for a scheme 5", an S-point of is given by a map S RGov** and 

an invertible sheaf B on Ys- For a G write '"'^*5^p for the substack of "^^^Sp given by 

a = (deg B) mod 2. 

An S-point of Yj^^ is given by a collection: a map S' — > RCov'', a rank one local system J' 
(relative to S) over Ys with a trivialization of Nxxs{J)-, and an effective Cartier divisor D g on 
Yg flat over S of degree d. For d > O consider the Abel-Jacobi map 

jac -.Y^^ krccv" '''S-^p 

over Al, it is given hy B = Oys{Ds)- 

There is a unique local system V (relative to M) over M. Xrcov'' ^^^Sp with the following 
properties. For any d > O one has i^iC* J^^^ canonically, and V satisfies the usual auto- 
morphic property with respect to the group structure of VicY . More precisely, Ad XYiCov'' ^^'^Sp 
is a commutative group stack over Ai, and the automorphic property of V is required for this 
group structure. 

In more concrete terms, Al x-^qo^t ^^'^Sp classifies: Dx G (p : Y ^ X, a rank one 

local system ^7 on y with a trivialization of Nx{J), and an invertible sheaf B on Y. Then the 
fibre of V at this point identifies with {AJ)q. 

Consider the diagram of projections 

A J 1M A ^ > , rss Qr Is rss cr 

Al ^ Al Xrcov'- ■^P ^p 

For a G Z/2Z define a complex Ka on ^^'^S'^p by 
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where the direct image with respect to qs is understood in the (derived) quasi-coherent sense. 

We expect that, for a suitable shift, Ka has a natural structure of a P-module on ^^^Sp. 
Let then K be the P-module on ''**5p whose restriction to ^^^S^^p is K^. Let K denote the 
intermediate extension of K under ^^^Sp C Sp. 

Remind that Sp and Bunp are dual (generahzed) vector bundles over Bun2 xPicX, let 
Four(i^) denote the Fourier transform of K. Remind the projection vp : Bunp Bung, let 
"^Bunp C Bunp be the open substack, where up is smooth. We expect that VpKE^ idenitifies 
over ^Bunp with Fom{K) as 2?-modules. 

Appendix a. Prym varieties 

A.l Let vr : X ^ X be a two-sheeted covering ramified at some divisor Dj^ on X with deg Dt^ = d. 
Let a be the nontrivial automorphism of X over X. Let £ be the u-anti-invariauts in vr^^O, it 
is equipped with ^"^ ^ C'(— Dt^)- Let £o be the (j-anti-invariants in 7r*Q^, it is equipped with 
£^^QiOvei X - D^. 

The norm map : Pic A — > Pic A is given by N (B) = (8> det(7r*S), this is a homomor- 
phism of group stacks. We write Nx{B) = N (B) when we need to express the dependence on 
X. For C G Pic A we have canonically N{tt*C)'^ . 

Let E' be a rank one local system on A. Then E (8> cr*E is equipped with natural descent 
data for vr, so there is a rank one local system N (E) on A equipped with tt* N [E)^ E ® a* E. 
(In the nonramified case we have A(S) ^ £"0 <8> det(7r^,£') canonically). Remind that AE denotes 
the automorphic local system on Pic A corresponding to E. The restriction of AE under vr* : 
Pic A Pic A identifies canonically with AN{E). For a rank one local system E' on A we have 
canonically N*{AE)^ A{7r*E). 

Write Pic A for the Picard scheme of A, so we have a G^-gerbe PicA — > Pic A. Write 
Pic*^ A for the connected component classifying line bundles of degree r. Let P denote the 
connected component of unity of Ker A, where N_ : PicA — > Pic A is the norm map. This is the 
Prym variety (p6]). We need the following results proved in loc.cit. Assume A connected. 

Case of ramified vr. The group scheme KerA is connected, vr* : PicA ^ PicA is a closed 
immersion. For each r we have a surjection 

Pic^^ A/Pic'"A ^ P 

sending B to B^^ (E> (t*B. For r = O its kernel is a finite group isomorphic to P2/4'{J2) for 
some inclusion : J2 —^P2- Here P2 and J2 are the groups of order 2 points of P and Pic *^ A 
respectively. Remind that dimPic*^ X = g, dimPic" X = 2g + ^ — 1 and dim P = g + ^ — 1. So, 

J2^(Z/2Z)29 and P2^{Z/2Zf3+'^~^ 

Case of unramified vr. The group scheme Ker A has two connected components, say Ker*" A 
for r € Z/2Z. We denote by Ker^ A the connected component of unity. The kernel of vr* : 
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Pic X — > PicX is Hq := {O, £}, and we have an isomorphism Pic*^ X/(Pic'^ X/Hq) — > P sending 
B to B-^^a*B. 

The following is probably well-known, but we have not found a proof of it, so we give one. 

Lemma 20. Assume vr nonramified. Both Pic X / ( Pic X/ Hn) and KerTV have two connected 
components indezed by Z/2Z. The map 6 : Pic X/ ( Pic X/Hn] — > Ker iV sending B to B~^ ®a*B 
is an isomorphism, so sends the odd connected component to the odd one. 

Proof Consider the map 7r*Gm vr*Gm sending / to a{f)f^^. Let Af : vr*Gm — > Gm be the 
norm map. The sequences 

TTjfGm 7I"*Gm Gr^ 1 

and 

1 — > Gm — > TTjfGm — > TTi^Gm 

are exact in etale topology (indeed, it suffices to check this after base change X ^ X, what is 
easy). Taking the etale cohomology of X, we get an exact sequence 

1 ~ A'" 

H^(X,Im^) ^ PicX ^ PicX ^ 1 

and the map induced by ^ is S. The map PicX^H^(X, vr^Gm) H^(X, Im^) is surjective, 
because H2(X,G„) = 0. □ 

Let L^Tr £ ^^'^^ be the ramification divisor of vr, so D.,^ = tt^^Dj^. Define the group scheme Uj^ 
on X by the exact sequence 1 Gm — ^ '^*Gm — > f/jr — > 1. The stack Bun[/^ classifies B € PicX 
together with a triviahzation 

iV(i3)^Ox (60) 

and a compatible isomorphism 7 : ;B ^O^^. This means that 7*^^ : N (B) \dt, -^Od^ 
is the isomorphism induced by (j60p . We have used that vr induces an isomorphism of reduced 
divisors Dj^^D.,^. The corresponding extension of scalars map e-^ : PicX Bun^/^ is smooth 
and surjective, it sends ;B to C = B~^ ^ a*B with natural trivializations C I f, -^Of, and 

In both cases (vr ramified or not) the stack Bun;/^ has two connected components indexed 
by a G Z/2Z, here Bun^^ is the connected component of unity. The image of Pic^X under 
equals Bun^^ with a = r mod 2. 

If vr is ramified then Bun^/^ is a scheme, and the projection Bun^ — > P is a Galois covering 
with Galois group (Z/2Z)'='-2. 

Appendix B. Group schemes and Hecke operators 

B. 1.1 Let vr : X ^ X be an etale Galois covering with Galois group S = Autx(X). The category 
of affine group schemes over X is canonically equivalent to the category of affine group schemes 
over X equipped with an action of S. 
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Assume that G is an affine group scheme over SpccA; (viewed as constant group scheme on 
X). Then an action of S on G is a datum of a homomoprhism E — > Aut(G). The corresponding 
group scheme G over X is then obtained as the twisting of G by the S-torsor tt : X —>■ X. 

The action of S on G gives rise to the semi-direct product G ix S included into an exact 
sequence l^G— >G><E^S^1. 

Let us describe the category of G-torsors on X. For a € T, and a G-torsor J^S on a scheme 
S denote by jFg the G-torsor on S' obtained from by the extension of scalars cr : G ^ G. 

Lemma 21. Let S be a scheme. The category of G-torsors on SxX is canonically eguivalent to 
the category of pairs {J^g, a), where J^g a G-torsor on S x X, and a = {aa)ae'E is a collection 
of isomorphisms 

such that for any a, t E T, the diagram commutes 

i OlcTT i «r 

{j^Gr = 

Proof Let F be an affine scheme over X. Assume that the action of S on X is hfted to an 
action on F. Let F denote the affine scheme over X, the descent of F. 

Assume that F is, in addition, a G-torsor. Then for i'" to be a G-torsor, the actions of G 
and of S on i*" should come from an action of G K S on F. □ 

Examplc 1. Takc H to bc a group scheme over Speck, set G = Hom(S,]HI) (the group structure 
on G comcs from that of H). Let S act on G via its action on S by translations. Then G^vr^H. 

B. 1.2 Let G be a connected reductive group over Specfc equipped with a homomoprhism S —>■ 
Aut(G). Let G be the twisting of G by the S-torsor tt : X — > X. Assume that T C G is a 
maximal torus invariant under S. Let A (rcsp.. A) be the cowcights (resp., weights) lattices of 
T, so S acts on the corresponding root datum (A, i?. A, ^). Here R (resp. R) are the coroots 
(resp., roots) of G. 

Let W = Ng{T)/T be the Weil group. Since S preserves both T and Ng{T), S acts on W 
by group automorphisms. For A G A, w € VF and a G S we have a{wX) = {aw){aX), so E acts 
on the set A/W of dominant coweights of G. 

Write Bunc for the stack of G-torsors on X. Let Tic denote the Hecke stack classifying: 
X E. X, G-torsors Tg,J^q on X, and an isomorphism !Fg~^^g \x--n{x)- We have a diagram 

XxBunG^'^'^'^7^G^BunG, 

where p (resp., p') sends the above point to J^g (resp., to T'g)- 

A choice of a Borel subgroup in G containing T identifies K/W with the corresponding set 
of dominant coweights, hence yields a usual order on K/W . This order does not depend on a 
choice of such Borel subgroup. 
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Let Dx (resp., denote the formal neighbourhood of a; G X (resp., of a; E X). The map tt 
induccs Dx-^Dx for x = Tr{x). For A € A/W denote by TCq ^ TIg the closed substack given 
by the condition that J^q is in a position < A w.r.t. J^g Id^; here we view them as G-torsors 
using the canonical isomorphism G x X. Given cr G S, this condition is equivalent to 

requiring that Tq Id^- is in a position < aX w.r.t. J^g 

The Hecke functor 

: D(BunG) ^ D(X x Bunc) 

is given by 

H^(i^) = (suppxp)!((p')*-f^(^IC^A)[-dimBunG] 
For each a G S we have a commutative diagram 

XxBunG ^"'^'^ H^g"' ^ Buno 

i (TXid i i id 

X X Bunc 7t(3 Bunc, 

where the vertical middle arrow is an isomorphism. This yields a compatible system of isomor- 
phisms for cr G S 

(o- X id)* oH^^Hg."'^ (61) 

Example 2. Given a homomorphism S N(;{T) C G, consider the corresponding action of S 
on G by conjugation. Then G is an inner form of G, and S acts trivially on A/W. Let J-q 
be the G-torsor on X obtained from the S-torsor X by the extensioon of scalars via S ^ G. 
Then G identifies with the group scheme (over X) of automorphisms of the G-torsor .F^. In this 
case we identify canonically Bun^ — > Bun^r sending .Fg to the G-torsor lsom(!FQ , !Fq) . Then H'^ 
becomes the usual Hecke functor followed by restriction under tt x id : X x Bung — > X x Bung. 

B. 1.3 The map supp xp : Hg X x Bung identifies with the twisted projection 

{X X Bunc) X Gr^ ^ X x Bun^ 

Similarly, supp xp' : TCq ^ X x Bunf; identifies with (X x BunG')x Gr^^"'"*''^^ X x Bunc 
where wo is the longuest element of W. Note that IC^^^^a is ULA with respect to supp xp'. This 

implies that H^. commutes with the Verdier duality. 

B. 1.4 Let G denote the Langlands dual group to G, it comes equipped with a maximal torus T. 
The group E acts naturally on the root datum {A, R, A, R) of (G, T). Remind that we have an 
exact sequence 

l^W ^ Aut(A, R, A, R) Out(G) ^ 1, 
where Out(G) is the group of exteriour automorphisms of G. Assume given a hfting of 

E ^ Aut(A,^,A,i?) 
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to a homomorphism : S ^ Aut(G, T). (Such lifting exists under the additional assumption 
that the S-action on (G, T) preserves an epinglage of G containing T). This lifting is uniquely 
defined up to inner automorphisms by elements of T. 

Then we have the semi-direct product := G ix S included into an exact sequence 1 — > 
G^GixS^S— >1. This is a version of the L-group associated to Gp. Here G p denotes the 
restriction of the group scheme G to the generic point SpecF G X of X (cf. [2j). 

B. 2 Let now Gi be another reductive connected group over SpecA; equipped with an action 
S — > Aut(Gi), let Gi be the group scheme on X obtained as the twisting of Gi by the S-torsor 
tt: X 

Assume that Gi satisfies the same conditions as G in B.l. (The subscript 1 denotes the 
corresponding objects for Gi). So, we have a maximal torus Ti C Gi stable under S, and we 
assume given a homomorphism : S ^ Aut(Gi) as above. Assume given a S-equivariant 
homomorphism G ^ Gi sending T to Ti. It yields a homomorphism G^ —f Gf. 

The functoriality problem is to find a family of functors 

sF : D(5 X Bunc) ^ D(5 x Buhg,) 

for each scheme S with the following property. Write V^^-^ for the irreducible representation of 
Gi with h. w. Al G Ai/Wi- Similarly, denotes the irreducible representation of G with h. w. 
A € A/ W (this notion does not depend on a choice of a Borel subgroup in G containing T). We 
would like to have for each Ai S Ai/Wi isomorphisms of functors 

^^g\°sF^(Bx Xx5^°H^^Hom6(y\y,^i) 

from T>{S x Bun^) to T){X x S x Bunc^). It is required that these isomorphism are compatible 
with the action of T, on both sides. 
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